
SAT ▹ IND
(nesplnitelná formule)

Je dána logická formule f(x, y, z) = (x ∨ y) ∧ (x ∨ y ∨ z) ∧ (x ∨ z) ∧ (y ∨ z) ∧ (x ∨ y ∨ z).

Rozhodněte, zda je f splnitelná převodem na nezávislost grafu.

Řešeńı.

Formuli f odpov́ıdá následuj́ıćı graf:
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Formule f má 5 klauzuĺı, a tedy f je splnitelná právě když v grafu G existuje nezávislá množina velikosti 5.

Takovou nezávislou množinu se nedař́ı nalézt; to však neńı d̊ukaz. K d̊ukazu nesplnitelnosti formule f je

třeba dokázat, že v G neexistuje nezávislá množina velikosti 5. Vzhledem k tomu, že neńı známa dobrá

charakteristika, nezbývá než provést prob́ırku všech možnost́ı.

To lze provést např́ıklad následuj́ıćı úvahou.

Označ́ıme Ki kliku v grafu G, odpov́ıdaj́ıćı

i-té klauzuli formule f , a uzly kliky Ki

(odpov́ıdaj́ıćı literál̊um proměnných x, y, z)

označ́ıme ai, bi, ci, i = 1, 2, 3, 4, 5 (viz

obrázek).

Kdyby v G existovala nezávislá množina

A velkosti 5, musela by obsahovat z každé

z klik K1, . . . , K5 právě jeden uzel.

•

•

x

y

z

a1

b1

...........................................................................................................

•

•

•

a2

b2

c2

......................................................................................................................................................................................................................

..................................................................................................................................................................................................................................

•

•

a3

c3

......................................................................................................................................................................................................................

•

•

b4

c4

...........................................................................................................

•

•

•

a5

b5

c5

......................................................................................................................................................................................................................

..................................................................................................................................................................................................................................

................................................................................................................................. .................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................................................................................................................................................................

.............
..............

.................
....................

.............................
...................................................................................................................................................................................................

.....................
........................

.............................
..........................................

..................................................................................................................................................................................................................................................................

.......................
...........................

.................................
................................................

.....................................................................................................................................................................................................................................................................................
...................

.....................
.......................

..........................
................................

...........................................
......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

......................................
.............................

.........................
...........

.......................................................................................................................................................................................................................................................................................
...................................

...........................
......................

....................
..........

G

K1 K2 K3 K4 K5

Z kliky K1 tedy dostáváme 2 možnosti:

1. př́ıpad: a1 ∈ A. Pak a2 /∈ A a a3 /∈ A. Z K3 dostáváme c3 ∈ A, odkud c2 /∈ A a c4 /∈ A. Protože a2 /∈ A

a c2 /∈ A, z K2 muśı být b2 ∈ A. Pak ale nutně b4 /∈ A a to je spor, protože nelze současně b4 /∈ A i c4 /∈ A

(klika K4 by neobsahovala žádný uzel množiny A).

2. př́ıpad: b1 ∈ A. Pak b4 /∈ A a b5 /∈ A; z K4 plyne c4 ∈ A, odkud c5 /∈ A a c3 /∈ A. V K5 máme b5 /∈ A a

c5 /∈ A, tedy a5 ∈ A, odkud a3 /∈ A, a to je opět spor, nebot’ K3 by neobsahovala žádný uzel množiny A.

Obě možnosti vedou ke sporu, množina A tedy neexistuje.


