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Kapitola 1

Neurčitý integrál.

Integračńı vzorce.

Funkce f(x)
∫

f(x) dx Podmı́nky

xn xn+1

n+1 + C n ∈ N, x ∈ R

xa xa+1

a+1 + C a ∈ R, a 6= −1, x ∈ (0,+∞)
1
x ln |x|+ C x ∈ R− {0}

ex ex + C x ∈ R

ax ax

ln a + C x ∈ R, a > 0, a 6= 1

sinx − cos x + C x ∈ R

cos x sinx + C x ∈ R

1
cos2 x tgx + C x ∈ R, x 6= (2k+1)π

2 , k ∈ Z
1

sin2 x
−cotgx + C x ∈ R, x 6= kπ, k ∈ Z

1√
1−x2 arcsinx + C x ∈ (−1, 1)
1

1+x2 arctg x + C x ∈ R

shx chx + C x ∈ R

chx shx + C x ∈ R
1

ch2x
thx + C x ∈ R

1
sh2x

−cthx + C x ∈ R− {0}
1√

x2+1
ln(x +

√
x2 + 1) + C x ∈ R

1√
x2−1

ln |x +
√

x2 − 1|+ C x ∈ R− 〈−1, 1〉

Poznámka: Také lze psát∫
dx√

1− x2
= − arccos x + C

∫
dx

1 + x2
= −arccotg x + C,

poněvadž plat́ı

arcsinx + arccos x =
π

2
, x ∈ 〈−1, 1〉 arctg x + arccotg x =

π

2
, x ∈ R.
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1.1 Základńı integrály.

Poznámka: Ve všech výsledćıch této kapitoly je vynechána integračńı konstanta.

1. Užit́ım základńıch integračńıch vzorc̊u vypočtěte
∫

f(x) dx, je-li

(a) f(x) =
√

x;
[
2
3x
√

x
]

(b) f(x) = 1
x2 ;

[
− 1

x

]
(c) f(x) = x+1√

x
;

[
2
3x
√

x + 2
√

x
]

(d) f(x) = (1−x)2

x ;
[
ln |x| − 2x + x2

2

]
(e) f(x) =

(
1− 1

x2

)√
x
√

x;
[

4
7x

4
√

x3 + 4
4√x

]
(f) f(x) =

√
x−2 3√x+1

4√x
;

[
4
5x 4
√

x− 24
13x 12

√
x + 4

3
4
√

x3
]

(g) f(x) = (
√

2x− 3√3x)2

x ;
[
2x− 12

√
2 3√3
5

6
√

x5 + 3 3√9
2

3
√

x2
]

(h) f(x) = (1− x)(1− 2x)(1− 3x);
[
x− 3x2 + 11

3 x3 − 3
2x4
]

(i) f(x) = 1√
3−3x2 ;

[
1√
3

arcsinx
]

(j) f(x) = x2

1+x2 ; [x− arctg x]

(k) f(x) = 1+2x2

x2(1+x2) ;
[
arctg x− 1

x

]
(l) f(x) = axex, a 6= e−1;

[
axex

1+ln a

]
(m) f(x) = 3·2x−2·3x

2x ;
[
3x− 2·1,5x

ln(1,5)

]
(n) f(x) = 2x+1−5x−1

10x ;
[

1
5 ln 2

(
1
2

)x − 2
ln 5

(
1
5

)x]
(o) f(x) = 1 + sin x + cos x; [x− cos x + sinx]

(p) f(x) = arcsin x + arccos x;
[

π
2 x
]

(q) f(x) =
√

x4+x−4+2
x3 ;

[
ln |x| − 1

4x4

]
(r) f(x) = tg2x; [tg x− x]

(s) f(x) = cotg2x; [−cotg x− x]

(t) f(x) = th2x; [x− thx]

(u) f(x) = cth2x; [x− cthx ; v př́ıkladech t) a u) užijte vztahu ch2x− sh2x = 1]

(v) f(x) = 2 sin2 x
2 ; [x− sin x]

(w) f(x) = cos 2x
cos2 x·sin2 x

; [−tg x− cotg x]

(x) f(x) = 1+cos2 x
1+cos 2x ;

[
1
2 (tg x + x)

]
(y) f(x) = x4

1+x2 ;
[

x3

3 − x + arctg x
]

(z) f(x) = e3x+1
ex+1 ;

[
1
2e2x − ex + x

]
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2. Necht’
∫

f(x) dx = F (x) + C (t.j. F je primitivńı funkce k f). Ukažte, že pro a 6= 0 plat́ı∫
f(ax + b) dx =

1
a
F (ax + b) + C.

Řešeńı: Plat́ı

d

dx

{
1
a
F (ax + b) + C

}
=

1
a

d

dx
F (ax + b) =

1
a
F ′(ax + b) a = f(ax + b).

3. Užit́ım předchoźıho vzorce vypočtěte
∫

f(x) dx, je-li

(a) f(x) = (x + 1)15;
[

1
16 (x + 1)16

]
(b) f(x) = 1

(2x−3)5 ;
[
− 1

8(2x−3)4

]
(c) f(x) =

√
8− 2x;

[
1
3 (2x− 8)

√
8− 2x

]
(d) f(x) = (8− 3x) 5

√
8− 3x;

[
5
33 (8− 3x)2 5

√
3x− 8

]
(e) f(x) = 1

(5x−2)5/2 ;
[

2
15(2−5x)

√
5x−2

]
(f) f(x) = 1

2+3x2 ;
[

1√
6
arctg

√
3
2x
]

(g) f(x) = 1√
2−5x2 ;

[
1√
5

arcsin
√

5
2x
]

(h) f(x) = e−x + e−2x;
[
−e−x − 1

2e−2x
]

(i) f(x) = sin 5x− sin 5α; α ∈ R;
[
− 1

5 cos 5x− x sin 5α
]

(j) f(x) = 1
sin2(2x+π/4)

;
[
− 1

2cotg
(
x + π

4

)]
(k) f(x) = 1

ch2 x
2
;

[
2thx

2

]
(l) f(x) = 1

1+cos x ;
[
tgx

2

]
(m) f(x) = 1

1−cos x ;
[
−cotgx

2

]
(n) f(x) = 1

1+sin x ;
[
tg
(

x
2 −

π
4

)
; užijte vztahu sinx = cos

(
x− π

2

)]
(o) f(x) = 1

4x2+4x+5 ;
[
1
4arctg 2x+1

2

]
(p) f(x) = 1√

2−6x−9x2 ;
[

1
3 arcsin 3x+1√

3

]
4. Ukažte, že ∫

f ′(x)
f(x)

dx = ln |f(x)|+ C

na vnitřku M definičńıho oboru funkce f ′(x)
f(x) .

Řešeńı: Pro x ∈ M je d
dx [ln |f(x)|+ C] = f ′(x)

f(x) .

5. Užit́ım předchoźıho vzorce vypočtěte
∫

f(x) dx (v př́ıkladech (h)-(l) určete množinu M

z př́ıkladu 4.) , je-li

(a) f(x) = x2

x3+1 ;
[
1
3 ln |x3 + 1|

]
(b) f(x) = ex

ex+1 ; [ln(ex + 1)]

(c) f(x) = cotgx; [ln | sinx|]
(d) f(x) = tgx; [− ln | cos x|]
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(e) f(x) = thx; [ln chx]

(f) f(x) = cthx; [ln |shx|]

(g) f(x) = e2x

1−3e2x ;
[
− 1

6 ln |1− 3e2x|
]

(h) f(x) = 1
x ln x ; [ln | lnx|]

(i) f(x) = 1
x(1+ln x) ; [ln |1 + lnx|]

(j) f(x) = 1√
1−x2 arcsin x

; [ln | arcsinx|]

(k) f(x) = cos 2x
sin x cos x ; [ln | sin 2x|]

(l) f(x) = cos x
1+2 sin x ;

[
1
2 ln |1 + 2 sinx|

]
(m) f(x) = sin 2x

1+cos2 x ; [− ln(1 + cos2 x)]

6. Užit́ım substituce vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 2x
√

1−4x ; (b) f(x) = 2x−
√

arcsin x√
1−x2 ; (c) f(x) = 1

1−x2 ln 1+x
1−x ;

(d) f(x) = 1
sin x ; (e) f(x) = 1√

x2+1
;

Řešeńı:

(a) Plat́ı∫
2x dx√
1− 4x

=
∣∣∣∣ 2x = t

2xdx = dt
ln 2

∣∣∣∣ = 1
ln 2

∫
dt√

1− t2
=

1
ln 2

arcsin t + C =
arcsin 2x

ln 2
+ C

pro x ∈ (−∞, 0).

(b) Daný integrál rozděĺıme nejdř́ıve na dva integrály. Plat́ı

I =
∫

2x−
√

arcsin x√
1− x2

dx =
∫

2x dx√
1− x2

−
∫

arcsinx√
1− x2

dx.

V prvém integrálu zavedeme substituci 1 − x2 = t, neboli 2xdx = −dt; ve druhém
arcsin x = u, tedy dx√

1−x2 = du. Odtud plyne, že

I =
∫

dt√
t
−
∫ √

u du = −2
√

t− 2
3
u
√

u + C = −2
√

1− x2 − 2
3

√
arcsin3 x + C

pro x ∈ (0, 1).

(c) Polož́ıme-li u = ln 1+x
1−x , plat́ı du = 1−x

1+x ·
1−x+1+x
(1−x)2 dx = 2dx

1−x2 a tedy∫
1

1− x2
ln

1 + x

1− x
dx =

1
2

∫
u du =

1
4
u2 + C =

1
4

ln2 1 + x

1− x
+ C

pro x ∈ (−1, 1). Všiměte si, že f je lichá a F sudá.

(d) Plat́ı ∫
dx

sinx
=
∫

dx

2 sin x
2 cos x

2

=
∫

dx

2tgx
2 cos2 x

2

=
∫ dx

2 cos2 x
2

tgx
2

= ln
∣∣∣tgx

2

∣∣∣+ C

pro x 6= kπ podle př́ıkladu 4.
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(e) Výsledek najdete v úvodńı tabulce. Źıskáme jej substitućı x = sht. Plat́ı∫
dx√

x2 + 1
=
∣∣∣∣ x = sht

dx = cht dt

∣∣∣∣ = ∫ dt = t + C = argshx + C = ln(x +
√

x2 + 1) + C.

Tento integrál je však možné vypoč́ıtat i bez znalosti hyperbolických funkćı. Substituce
x = cotg t, t ∈ (0, π), dx = − dt

sin2 t
, převád́ı obecně integrál

∫
R(x,

√
1 + x2) dx z ra-

cionálńı funkce R v proměnných x,
√

1 + x2 na integrál
∫

R1(sin t, cos t) dt z racionálńı
funkce R1 v proměnných sin t, cos t, který se nauč́ıme řešit v odstavci 1.3. V našem
př́ıpadě dostaneme∫

dx√
x2 + 1

= −
∫ dt

sin2 t√
cotg2t + 1

= −
∫

dt

sin t
= − ln

∣∣∣∣tg t

2

∣∣∣∣+ C = ln
∣∣∣∣cotg

t

2

∣∣∣∣+ C

podle př́ıkladu (d). Dále plat́ı

x = cotgt =
cotg2 t

2 − 1
2cotg t

2

a odtud cotg2 t

2
− 2x cotg

t

2
− 1 = 0,

neboli
(
cotg t

2

)
1,2

= x±
√

x2 + 1. Poněvadž t
2 ∈

(
0, π

2

)
, je cotg t

2 > 0 a muśıme vyloučit

znaménko ”−” (pro všechna x ∈ R je x−
√

x2 + 1 < 0). To nám dává konečný výsledek∫
dx√

x2 + 1
= ln(x +

√
x2 + 1) + C, x ∈ R.

Poznámka: Jako v př́ıkladu 6(d) lze substitućı x = 1
sin t , t ∈

(
0, π

2

)
vypoč́ıtat∫

dx√
x2 − 1

= ln(x +
√

x2 − 1) + C, x ∈ (1,+∞).

Protože f(x) = 1√
x2−1

je sudá, primitivńı funkce F (x) = ln |x +
√

x2 − 1| je lichá a
protože D(f) = D(F ) = (−∞,−1) ∪ (1,+∞), plat́ı i posledńı vzorec úvodńı tabulky.

7. Pomoćı věty o substituci najděte
∫

f(x) dx, je-li

(a) f(x) = sin2 x cos x;
[
1
3 sin3 x

]
(b) f(x) = x

(1+x2)3 ;
[
− 1

4(1+x2)2

]
(c) f(x) = x4

(x5+1)4 ;
[
− 1

15(x5+1)3

]
(d) f(x) = x√

x2+1
; [

√
x2 + 1]

(e) f(x) = x2 3
√

1 + x3;
[
1
4 (1 + x3) 3

√
1 + x3

]
(f) f(x) = x3

3√x4+1
;

[
3
8

3
√

(x4 + 1)2
]

(g) f(x) = x√
1−x2 ; [−

√
1− x2]

(h) f(x) = xe−x2
;

[
− 1

2e−x2
]

(i) f(x) = ecos x sinx; [−ecos x]

(j) f(x) = ln2 x
x ;

[
1
3 ln3 x

]
(k) f(x) = arctg x

1+x2 ;
[
1
2arctg 2x

]
(l) f(x) = 1

sin2 x 4√cotgx
;

[
− 4

3
4
√

cotg3x
]

6



(m) f(x) = sin x√
cos3 x

;
[

2√
cos x

]
(n) f(x) = 1

x2 cos 1
x ;

[
− sin 1

x

]
(o) f(x) = sin x+cos x

3√sin x−cos x
;

[
3
2

3
√

1− sin 2x
]

(p) f(x) = e
√

x
√

x
;

[
2e
√

x
]

(q) f(x) = x
x4+1 ;

[
1
2arctg x2

]
(r) f(x) = 1

cos x ; [ln
∣∣tg (x

2 + π
4

)∣∣ , užijte vztahu cos x = sin
(
x + π

2

)
a př́ıkladu 6(d)]

(s) f(x) = 1
shx ; [ln

∣∣thx
2

∣∣ , užijte vztahu shx = 2shx
2 chx

2 a postupu z př́ıkladu 6(d)]

(t) f(x) = 1
chx ; [2arctg ex]

(u) f(x) = etgx+cotgx
cos2 x ; [etgx + ln |tgx|, rozdělte daný integrál na dva]

(v) f(x) = 1
sin2 x+2 cos2 x

;
[

1√
2
arctg

(
tgx√

2

)
, vydělte čitatele i jmenovatele cos2 x

]
Poznámka: Funkce F1(x) = 1√

2
arctg

(
tgx√

2

)
je primitivńı k funkci f v množině

M = D(F1) = R−
{

(2k + 1)
π

2
; k ∈ Z

}
.

Pro funkci F , s D(F ) = R, která je dána předpisem

F (x) =
1√
2
arctg

(
tgx√

2

)
+

kπ√
2
, x ∈

(
(2k − 1)

π

2
, (2k + 1)

π

2

)
; k ∈ Z,

plat́ı F ′(x) = f(x), x ∈ R a F je tedy spojitá v R. Přesvědčte se o tom. Graf funkce
F jsme ”slepili“ posouváńım část́ı grafu F1. Nakreslete obrázek a vše si rozmyslete.

(w) f(x) = 1
x
√

x2−1

[− arcsin 1
|x| ; pro x > 1 vytkněte x z

√
x2 − 1 a výsledek rozšǐrte sudě na R− 〈−1, 1〉]

(x) f(x) = cos x√
2+cos 2x

;
[

1√
2

arcsin
(√

2
3 sinx

)
,

vyjádřete cos 2x pomoćı sin2 x; ”slepte“ opět primitivńı funkci k f na celém R]

(y) f(x) = 1√
1+e2x

; [x− ln(1 +
√

1 + e2x); vytkněte ex z
√

1 + e2x a užijte př́ıkladu 6(d)]

(z) f(x) = 1√
ex−1

; [−2 arcsin e−
x
2 , vytkněte ex/2 z

√
ex − 1]

8. Užit́ım integrace per partes vypočtěte
∫

f(x) dx, je-li

(a) f(x) = x3e−x2
; (b) f(x) = xn lnx, n 6= −1; (c) f(x) = ln(x +

√
1 + x2);

(d) f(x) = x2 ln 1−x
1+x ; (e) f(x) = arcsin2 x; (f) f(x) =

√
a2 − x2, a > 0;

(g) f(x) = eax cos bx, (resp. eax sin bx), a2 + b2 > 0; (h) f(x) = lnn x, n ∈ N∪ {0};
(i) f(x) = xneax, n ∈ N ∪ {0}, a 6= 0; (j) f(x) = 1

(1+x2)n , n ∈ N.

Řešeńı:

(a) Do integrálu I =
∫

x3e−x2
dx zavedeme nejdř́ıve substituci x2 = t; odtud xdx = dt

2 .

Je tedy

I =
1
2

∫
te−t dt =

∣∣∣∣ u = t v′ = e−t

u′ = 1 v = −e−t

∣∣∣∣ = −1
2
te−t +

1
2

∫
e−tdt =

= −1
2
e−t(t + 1) + C = −1

2
e−x2

(x2 + 1) + C.
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(b) Plat́ı∫
xn lnx dx =

∣∣∣∣ u = ln x v′ = xn

u′ = 1
x v = xn+1

n+1 ( je n 6= −1)

∣∣∣∣ = xn+1

n + 1
lnx− 1

n + 1

∫
xndx =

=
xn+1

(n + 1)2
[(n + 1) lnx− 1] + C.

Pro n = −1 se daný integrál řeš́ı substitućı t = ln x (viz př́ıklad 7(j)).

(c) Plat́ı ∫
ln(x +

√
1 + x2) dx =

∣∣∣∣ u = ln(x +
√

1 + x2) v′ = 1
u′ = 1√

1+x2 v = x

∣∣∣∣ =
= x ln(x +

√
1 + x2)−

∫
xdx√
1 + x2

= x ln(x +
√

1 + x2)−
√

1 + x2 + C

(d) Je ∫
x2 ln

1− x

1 + x
dx =

∣∣∣∣∣ u = ln 1−x
1+x v′ = x2

u′ = − 2
1−x2 v = x3

3

∣∣∣∣∣ = x3

3
ln

1− x

1 + x
+

2
3

∫
x3dx

1− x2
=

=
x3

3
ln

1− x

1 + x
+

2
3

∫
x3 − x + x

1− x2
dx =

x3

3
ln

1− x

1 + x
− 2

3

∫
x dx +

2
3

∫
x

1− x2
dx =

=
x3

3
ln

1− x

1 + x
− 1

3
x2 − 1

3
ln |1− x2|+ C =

1
3

[
x3 ln

1− x

1 + x
− x2 − ln(1− x2)

]
+ C.

Podmı́nka 1 − x2 > 0 je splněna, nebot’ funkce ln 1−x
1+x je definována pro 1−x

1+x > 0, t. j.
pro x ∈ (−1, 1).

(e) Je∫
arcsin2 x dx =

∣∣∣∣ u = arcsinx v′ = 1
u′ = 2 arcsin x√

1−x2 v = x

∣∣∣∣ = x arcsin2 x− 2
∫

x√
1− x2

arcsinx dx =

=

∣∣∣∣∣ u = arcsinx v′ = x√
1−x2

u′ = 1√
1−x2 v = −

√
1− x2

∣∣∣∣∣ = x arcsin2 x + 2
√

1− x2 arcsinx− 2
∫

dx =

= x arcsin2 x + 2
√

1− x2 arcsinx− 2x + C.

Tento integrál lze řešit i substitućı x = sin t, t ∈ (−π
2 , π

2 ).

(f) Plat́ı

I =
∫ √

a2 − x2dx =
∣∣∣∣ u =

√
a2 − x2 v′ = 1

u′ = − x√
a2−x2 v = x

∣∣∣∣ = x
√

a2 − x2 +
∫

x2dx√
a2 − x2

.

Jestliže v posledńım integrálu odečteme a přičteme a2, dostaneme

I = x
√

a2 − x2 +
∫ (

x2 − a2

√
a2 − x2

+
a2

√
a2 − x2

)
dx = x

√
a2 − x2 −

∫ √
a2 − x2 dx+

+a2

∫
dx√

a2 − x2
= x

√
a2 − x2 −

∫ √
a2 − x2 dx + a2 arcsin

x

a
.

Pro hledaný integrál I dostáváme rovnici I = x
√

a2 − x2 − I + a2 arcsin x
a a jej́ım

řešeńım je

I =
1
2

(
x
√

a2 − x2 + a2 arcsin
x

a

)
+ C.
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Poznámka: Integrály typu
∫

R(x,
√

a2 − x2) dx, kde R je racionálńı funkce v proměnných
x a

√
a2 − x2, se obecně řeš́ı substitućı x = a sin t, t ∈

(
−π

2 , π
2

)
. Vypočtěte t́ımto po-

stupem znovu př́ıklad 8(f) a posud’te, který výpočet je jednodušš́ı.

(g) Pro a 6= 0 je

I =
∫

eax cos bx dx =
∣∣∣∣ u = cos bx v′ = eax

u′ = −b sin bx v = 1
aeax

∣∣∣∣ = 1
a
eax cos bx+

b

a

∫
eax sin bx dx =

=
∣∣∣∣ u = sin bx v′ = eax

u′ = b cos bx v = 1
aeax

∣∣∣∣ = 1
a
eax cos bx +

b

a2
eax sin bx− b2

a2
I.

Z dané rovnice vypočteme

I =
∫

eax cos bx dx =
eax

a2 + b2
(a cos bx + b sin bx) + C.

IntegrálK =
∫

eax sin bx dx můžeme vypoč́ıtat stejným zp̊usobem nebo využ́ıt předchoźıho
výpočtu. Plat́ı totiž I = 1

aeax cos bx + b
aK a odtud

K =
∫

eax sin bx dx =
b

a

(
I − 1

a
eax cos bx

)
+ C =

eax

a2 + b2
(a sin bx− b cos bx) + C.

Pro a = 0 a b 6= 0 je výpočet obou integrál̊u jednoduchý a odvozené vzorce rovněž plat́ı.

Poznámka: Ten, kdo zná Euler̊uv vztah

ea+ib = ea(cos b + i sin b),

může uvedený integrál vypoč́ıtat následuj́ıćım zp̊usobem:

I + iK =
∫

e(a+ib)xdx =
e(a+ib)x

a + ib
=

eax

a2 + b2
(cos bx + i sin bx)(a− ib) =

=
eax

a2 + b2
[(a cos bx + b sin bx) + i(a sin bx− b cos bx)].

Odděleńım reálné a imaginárńı části v tomto vztahu dostaneme oba vzorce pro I i K
současně.

(h) Jestliže označ́ıme In =
∫

lnn x dx, dostaneme

In =
∣∣∣∣ u = lnn x v′ = 1

u′ = n lnn−1 x
x v = x

∣∣∣∣ = x lnn x− n

∫
lnn−1 x dx = x lnn x− nIn−1,

tedy posloupnost {In}∞n=1 je určena rekurentně prvým členem I0 = x a rekurentńı
formuĺı

In = x lnn x− nIn−1, n ∈ N.

Odtud

I1 =
∫

lnx dx = x lnx− x, I2 =
∫

ln2 x dx = x ln2 x− 2x lnx + 2x atd.

(i) Analogicky jako v předchoźım př́ıkladu můžeme psát

In =
∫

xneax dx =
∣∣∣∣ u = xn v′ = eax

u′ = nxn−1 v = 1
aeax

∣∣∣∣ =
9



=
xn

a
eax − n

a

∫
xn−1eax dx =

xn

a
eax − n

a
In−1,

tedy opět dostaneme rekurentńı formuli

In =
xn

a
eax − n

a
In−1.

Vypočtěte I1, I2, I3, v́ıte-li, že I0 = eax

a .

(j) Označme Kn =
∫

dx
(1+xn) . Potom plat́ı

Kn =

∣∣∣∣∣ u = 1
(1+x2)n v′ = 1

u′ = − 2nx
(1+x2)n+1 v = x

∣∣∣∣∣ = x

(1 + x2)n
+ 2n

∫
x2 dx

(1 + x2)n+1
=

=
x

(1 + x2)n
+ 2n

∫
x2 + 1− 1
(1 + x2)n+1

dx =
x

(1 + x2)n
+ 2nKn − 2nKn+1.

Z rovnice Kn = x
(1+x2)n + 2nKn − 2nKn+1 dostaneme rekurentńı formuli

Kn+1 =
x

2n(1 + x2)n
+

2n− 1
2n

Kn,

odkud můžeme postupně spoč́ıtat K2,K3, . . . , nebot’ K1 = arctg x.

Poznámka: Této rekurentńı formule budeme v daľśım použ́ıvat při integraci racionálńı
funkce, jej́ıž jmenovatel má komplexńı v́ıcenásobné kořeny a při výpočtu integrál̊u, které
se na integrály z racionálńıch funkćı zmı́něného typu převáděj́ı.

9. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = lnx; [x lnx− x, srovnejte s př́ıkladem 8(b)]

(b) f(x) = xe−x; [−e−x(x + 1), srovnejte s př́ıkladem 8(i)]

(c) f(x) = x cos x; [x sinx + cosx]

(d) f(x) = x shx; [xchx− shx]

(e) f(x) = x2e−2x;
[
− 1

4e−2x(2x2 + 2x + 1) , srovnejte s př́ıkladem 8(i)]

(f) f(x) = x2 sin 2x;
[
1
4 (cos 2x + 2x sin 2x− 2x2 cos 2x)

]
(g) f(x) = arctg x; [xarctg x− 1

2 ln(1 + x2)]

(h) f(x) = arcsin x; [x arcsin x +
√

1− x2]

(i) f(x) = x3ch3x;
[(

x3

3 + 2x
9

)
sh3x−

(
x2
3 + 2

27

)
ch3x

]
(j) f(x) = x

cos2 x ; [xtgx + ln | cos x|]
(k) f(x) = xarctg x;

[
1
2 (x2arctg x + arctg x− x)

]
(l) f(x) = x cos2 x;

[
1
8 (2x2 + 2x sin 2x + cos 2x), užijte vzorec cos2 x = 1+cos 2x

2

]
(m) f(x) = ln(x2 + 1); [x ln(x2 + 1) + 2arctg x− 2x]

(n) f(x) = xtg2x;
[
xtgx + ln | cos x| − x2

2

]
(o) f(x) = arcsin x√

x+1
; [2

√
x + 1 arcsinx + 4

√
1− x]

(p) f(x) = x5ex3
;

[
1
3ex3

(x3 − 1), zaved’te substituci x3 = t]

(q) f(x) =
√

x ln2 x;
[

3
27x

√
x(9 ln2 x− 12 ln x + 8)

]
10



(r) f(x) =
(

ln x
x

)2
;

[
− 1

x (ln2 x + 2 ln x + 2)
]

(s) f(x) = x2 arccos x;
[

x3

3 arccos x− x2+2
9

√
1− x2

]
(t) f(x) = e

√
x; [2e

√
x(
√

x− 1)]

(u) f(x) = arctg
√

x; [xarctg
√

x + arctg
√

x−
√

x]

(v) f(x) = x sin
√

x; [2(6− x)
√

x cos
√

x− 6(2− x) sin
√

x,

v př́ıkladech (t)-(v) užijte substituce
√

x = t]

(w) f(x) = xarctg 2x;
[
1
2 (x2 + 1)arctg 2x− xarctg x + 1

2 ln(1 + x2)
]

(x) f(x) =
√

x2 + a2;
[
1
2

{
x
√

x2 + a2 + a2 ln(x +
√

x2 + a2)
}

,

užijte postup̊u z př́ıklad̊u 8(f) a 6(e)]

(y) f(x) = e3x(sin 2x− cos 2x);
[

e3x

13 (sin 2x− 5 cos 2x), užijte př́ıklad 8(g)]

(z) f(x) = e2x sin2 x;
[

e2x

8 (2− cos 2x− sin 2x),

užijte vzorec sin2 x = 1−cos 2x
2 a př́ıklad 8(g)]

10. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = x5+x4−8
x3−4x , (b) f(x) = x3−2x2+4

x3(x−2)2 , (c) f(x) = 1
x3+1 ,

(d) f(x) = 1
x4+1 , (e) f(x) = 2x

(1+x)(1+x2)2 , (f) f(x) = (x+1)4

(x2+2x+2)3 .

Řešeńı:

(a) Poněvadž je daná racionálńı funkce neryze lomená, muśıme nejdř́ıve provést děleńı:

(x5 + x4 − 8) : (x3 − 4x) = x2 + x + 4 +
4x2 + 16x− 8

x(x− 2)(x + 2)
.

Posledńı zlomek je již racionálńı ryze lomená funkce, kterou rozlož́ıme na součet parciálńıch
zlomk̊u.

4x2 + 16x− 8
x(x− 2)(x + 2)

=
A

x
+

B

x− 2
+

C

x + 2
,

kde A, B, C jsou zat́ım neznámé konstanty. Vynásobeńım rovnosti výrazem x(x2 − 4)
dostaneme

4x2 + 16x− 8 = A(x2 − 2) + B(x2 + 2x) + C(x2 − 2x).

Polož́ıme-li x = 0, dostaneme pro neznámou A rovnici −8 = −4A ⇒ A = 2. Analo-
gicky dosazeńım x = 2 dostaneme 40 = 8B ⇒ B = 5, dosazeńım x = −2 dostaneme
−24 = 8C ⇒ C = −3. Pro x 6= 0, x 6= ±2 je tedy∫

x5 + x4 − 8
x3 − 4x

dx =
∫

x2 dx+
∫

x dx+4
∫

dx+2
∫

dx

x
+5
∫

dx

x− 2
−3
∫

dx

x + 2
dx =

=
x3

3
+

x2

2
+4x+2 ln |x|+5 ln |x−2|−3 ln |x+2|+C =

x3

3
+

x2

2
+4x+ln

∣∣∣∣x2(x− 2)5

(x + 2)3

∣∣∣∣+C.

(b) Danou racionálńı funkci rozlož́ıme na součet parciálńıch zlomk̊u. Plat́ı

x3 − 2x2 + 4
x3(x− 2)2

=
A

x
+

B

x2
+

C

x3
+

D

x− 2
+

E

(x− 2)2
.

Odtud

x3 − 2x2 + 4 = Ax2(x− 2)2 + Bx(x− 2)2 + C(x− 2)2 + Dx3(x− 2) + Ex3.
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Srovnáńım koeficient̊u u odpov́ıdaj́ıćıch si mocnin dostaneme soustavu lineárńıch alge-
braických rovnic

x4 : 0 = A +D
x3 : 1 = −4A +B −2D +E
x2 : −2 = 4A −4B +C
x1 : 0 = 4B −4C
x0 : 4 = 4C

Řešeńım soustavy rovnic dostaneme

C = 1 , B = 1 , A =
1
4

, D = −1
4

, E =
1
2
.

je nyńı∫
x3 − 2x2 + 4
x3(x− 2)2

dx =
1
4

∫
dx

x
+
∫

dx

x2
+
∫

dx

x3
− 1

4

∫
dx

x− 2
+

1
2

∫
dx

(x− 2)2
=

=
1
4

ln
∣∣∣∣ x

x− 2

∣∣∣∣− 1
x
− 1

2x2
− 1

2(x− 2)
+ C =

1
4

ln
∣∣∣∣ x

x− 2

∣∣∣∣− 3x2 − 3x− 2
2x2(x− 2)

+ C.

Poznámka: (Ostrogradského metoda)

Je-li P (x)
Q(x) ryze lomená racionálńı funkce, kde Q(x) =

k∏
i=1

(x− αi)ki (t.j. polynom Q má

kořeny αi s násobnost́ı ki, i = 1, 2, . . . , k, při čemž αi mohou být komplexńı). Označme

Q1(x) =
k∏

i=1

(x− αi) , Q2(x) =
Q(x)
Q1(x)

.

V předchoźım př́ıkladu 10(b) je Q(x) = x3(x− 2)2, Q1(x) = x(x− 2). Potom je∫
P (x)
Q(x)

dx =
P2(x)
Q2(x)

+
∫

P1(x)
Q1(x)

dx,

kde funkce P1
Q1

a P2
Q2

jsou ryze lomené racionálńı funkce. V předchoźım př́ıkladu 10(b)
je výraz P2

Q2
součet integrál̊u všech parciálńıch zlomk̊u, které maj́ı ve jmenovateli vyšš́ı

mocninu kořenověho činitele než 1, t.j.

P2

Q2
=
∫

dx

x2
+
∫

dx

x3
+

1
2

∫
dx

(x− 2)2
,

výraz P1
Q1

je součet prvńıho a čtvrtého parciálńıho zlomku, t.j.

P1

Q1
=

1
4x

− 1
4(x− 2)

.

Muśıme určit polynomy P1 a P2; zaṕı̌seme je pomoćı neurčitých koeficient̊u∫
x3 − 2x2 + 4
x3(x− 2)2

dx =
Ax2 + Bx + C

x2(x− 2)
+
∫

Dx + E

x(x− 2)
dx.

Tuto rovnost zderivujeme a vynásob́ıme nejmenš́ım společným jmenovatelem všech
zlomk̊u. Dostaneme tak

x3 − 2x2 + 4
x3(x− 2)2

=
2Ax + B

x2(x− 2)
− 2

Ax2 + Bx + C

x3(x− 2)
− Ax2 + Bx + C

x2(x− 2)2
+

Dx + E

x(x− 2)
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a dále

x3−2x2 +4 = (2Ax+B)(x2−2x)− (Ax2 +Bx+C){2(x−2)+x}+(Dx+E)x2(x−2).

Porovnáńım koeficient̊u u stejných mocnin x dostaneme soustavu lineárńıch algebraických
rovnic:

x4 : 0 = D
x3 : 1 = −A −2D + E
x2 : −2 = −2B −2E
x1 : 0 = 2B −3C
x0 : 4 = 4C

Jej́ı řešeńı je C = 1, D = 0, B = 3
2 , E = − 1

2 , a A = − 3
2 . Odtud tedy dostáváme∫

x3 − 2x2 + 4
x3(x− 2)2

dx = −3x2 − 3x− 2
2x2(x− 2)

− 1
2

∫
dx

x(x− 2)
.

Nyńı zbývá rozložit funkci 1
x(x−2) na parciálńı zlomky a vypoč́ıtat

∫
dx

x(x−2) .

1
x(x− 2)

=
A

x
+

B

x− 2
, 1 = A(x− 2) + Bx.

Dosazeńım x = 2 do posledńı rovnosti dostaneme B = 1
2 , dosazeńım x = 0 dostaneme

A = − 1
2 . Je tedy∫

dx

x(x− 2)
=

1
2

∫ (
1

x− 2
− 1

x

)
dx =

1
2

(ln |x− 2| − ln |x|) + C = −1
2

ln
∣∣∣∣ x

x− 2

∣∣∣∣+ C.

a odtud ∫
x3 − 2x2 + 4
x3(x− 2)2

dx = −3x2 − 3x− 2
2x2(x− 2)

+
1
4

ln
∣∣∣∣ x

x− 2

∣∣∣∣+ C.

Uvedená Ostrogradského metoda je výhodná v př́ıpadě v́ıcenásobných komplexńıch
kořen̊u polynomu Q. Vyhneme se totiž užit́ı rekurentńı formule pro integrál

∫
dx

(1+x2)n ,

n ∈ N, n ≥ 2. Př́ıležitostně tuto metodu připomeneme.

(c) Jestliže danou racionálńı funkci rozlož́ıme na součet parciálńıch zlomk̊u, dostaneme

1
(x + 1)(x2 − x + 1)

=
A

x + 1
+

Bx + C

x2 − x + 1
; 1 = A(x2 − x + 1) + (Bx + C)(x + 1).

Porovnáńım koeficient̊u u stejných mocnin x dostaneme soustavu lineárńıch rovnic

x2 : 0 = A +B
x1 : 0 = −A +B +C
x0 : 1 = A +C

s řešeńım A = 1
3 , B = − 1

3 , C = 2
3 . Plat́ı tedy

I =
∫

dx

x3 + 1
=

1
3

ln |x + 1| − 1
3

∫
(x− 2)dx

x2 − x + 1
=

1
3

ln |x + 1| − 1
6

∫
2x− 4

x2 − x + 1
dx =

=
1
3

ln |x + 1| − 1
6

∫
2x− 1

x2 − x + 1
dx +

1
2

∫
dx

x2 − x + 1
=

1
3

ln
|x + 1|√

x2 − x + 1
+

1
2
K,

kde

K =
∫

dx

x2 − x + 1
=
∫

dx(
x− 1

2

)2 + 3
4

=
4
3

∫
dx(

2x−1√
3

)2

+ 1
=

2√
3
arctg

2x− 1√
3

+ C
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a tady ∫
dx

x3 + 1
=

1
3

ln
|x + 1|√

x2 − x + 1
+

1√
3
arctg

2x− 1√
3

+ C.

Poznámka: Polynom x3 + 1 má kořeny x1 = −1, x2,3 = 1±i
√

3
2 . Tyto kořeny jsou

jednoduché, takže je můžeme dosadit do vztahu

1 = A(x2 − x + 1) + (Bx + C)(x + 1).

Dosazeńım kořenu x = −1 dostaneme 1 = 3A ⇒ A = 1
3 . Dosazeńım x = 1+i

√
3

2
dostaneme

1 =

(
B

1 + i
√

3
2

+ C

)
3 + i

√
3

2
, 4 = (B + 2C + iB

√
3)(3 + i

√
3),

4 = 3(B + 2C)− 3B + i
√

3(3B + B + 2C).

Odtud
6C = 4 ⇒ C =

2
3
, B + 2C = 0 ⇒ B = −C

2
= −1

3
.

Vı́cenásobné kořeny dosazujeme v́ıcekrát, ale až po zderivováńı (předvedeme v poznámce
k řešeńı př́ıkladu 10(e)). Oba komplexně sdružené kořeny nemá smysl dosazovat, nebot’
dostaneme rovnost komplexně sdružených č́ısel a porovnáńım reálných a imaginárńıch
část́ı tutéž soustavu rovnic.
Nejrychleǰśı postup výpočtu neurčitých koeficient̊u v rozkladu na součet parciálńıch
zlomk̊u je dosadit ty kořeny, které se daj́ı dosadit snadno a pak porovnávat koeficienty
u stejných mocnin x, poč́ınaje těmi nejvyšš́ımi a nejnižš́ımi.

(d) Je
x4 + 1 = (x2 + 1)2 − 2x2 = (x2 + x

√
2 + 1)(x2 − x

√
2 + 1)

a tedy
1

x4 + 1
=

Ax + B

x2 + x
√

2 + 1
+

Cx + D

x2 − x
√

2 + 1
,

1 = (Ax + B)(x2 − x
√

2 + 1) + (Cx + D)(x2 + x
√

2 + 1).

Srovnáńım koeficient̊u dostaneme soustavu lineárńıch rovnic

x3 : 0 = A + C

x2 : 0 = −
√

2A + B +
√

2C + D

x1 : 0 = A −
√

2B + C + D
x0 : 1 = A B + D.

Řešeńım soustavy je čtveřice A = 1
2
√

2
, B = 1

2 , C = − 1
2
√

2
, D = 1

2 . Plat́ı tedy∫
dx

x4 + 1
=

1
2
√

2

∫
x +

√
2

x2 + x
√

2 + 1
dx− 1

2
√

2

∫
x−

√
2

x2 − x
√

2 + 1
dx =

=
1

4
√

2

∫
2x +

√
2

x2 + x
√

2 + 1
dx +

1
4

∫
dx

x2 + x
√

2 + 1
dx− 1

4
√

2

∫
2x−

√
2

x2 − x
√

2 + 1
dx+

+
1
4

∫
dx

x2 − x
√

2 + 1
dx =

1
4
√

2
ln

x2 + x
√

2 + 1
x2 − x

√
2 + 1

+
1
4
(I1 + I2),

kde
I1 =

∫
dx

x2 + x
√

2 + 1
, I2 =

∫
dx

x2 − x
√

2 + 1
.
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Je

I1 =
∫

dx(
x +

√
2

2

)2

+ 1
2

= 2
∫

dx

(x
√

2 + 1)2 + 1
=
√

2 arctg (x
√

2 + 1) + C.

Analogicky

I2 =
∫

dx(
x−

√
2

2

)2

+ 1
2

=
√

2 arctg (x
√

2− 1) + C.

Shrnut́ım dostaneme∫
dx

x4 + 1
=

1
4
√

2
ln

x2 + x
√

2 + 1
x2 − x

√
2 + 1

+
1

2
√

2

(
arctg (x

√
2 + 1) + arctg (x

√
2− 1)

)
+ C.

Poznámky: (1.) Součet arctg (x
√

2 + 1) + arctg (x
√

2− 1) lze vyjádřit pomoćı jediné
hodnoty funkce arctg .

Bud’te u, v ∈ R, pak arctg u + arctg v ∈ (−π, π). Pokud jsou u, v ∈ R nav́ıc taková, že
u · v ≤ 0, pak

arctg u + arctg v ∈
(
−π

2
,
π

2

)
, tg(arctg u)tg(arctg v) ≤ 0

a plat́ı

arctg u + arctg v = arctg
u + v

1− uv
.

Skutečně

tg(arctg u + arctg v) =
tg(arctg u) + tg(arctg v)

1− tg(arctg u)(tg(arctg v)
=

u + v

1− uv
.

Tedy pokud je (x
√

2 + 1)(x
√

2 − 1) = 2x2 − 1 ≤ 0, t. j. pokud x ∈
〈
−
√

2
2 ,

√
2

2

〉
, pak

plat́ı

arctg (x
√

2 + 1) + arctg (x
√

2− 1) = arctg
2x
√

2
1− (2x2 − 1)

= arctg
x
√

2
1− x2

.

Výraz arctg x
√

2
1−x2 je definován pro x ∈ R− {−1, 1} a plat́ı(

arctg
x
√

2
1− x2

)′
=

1
1 + 2x2

(1−x2)2

·
√

2(1− x2) + 2x2
√

2
(1− x2)2

=

=
√

2(1 + x2)
(1− x2)2 + 2x2

=
√

2(1 + x2)
1 + x4

, |x| 6= 1.

Stejně tak[
arctg (x

√
2 + 1) + arctg (x

√
2− 1)

]′
=
√

2
(

1
2x2 + 2x

√
2 + 2

+
1

2x2 − 2x
√

2 + 2

)
=

=
√

2
2
· 2(1 + x2)

1 + x4
=
√

2(1 + x2)
1 + x4

, x ∈ R.

Tedy obě funkce jsou primitivńı k funkci
√

2(1+x2)
1+x4 a lǐśı se tedy o konstantu. Přesně

arctg (x
√

2 + 1) + arctg (x
√

2− 1)− arctg
x
√

2
1− x2

=

 −π pro x ∈ (−∞,−1)
0 pro x ∈ (−1, 1)
π pro x ∈ (1,+∞).

15



(2.) Obecně lze ukázat, že

arctg u + arctg v =


π + arctg u+v

1−uv pro u > 0, v > 0, uv > 1
π
2 pro u > 0, v > 0, uv = 1
arctg u+v

1−uv pro uv < 1
−π

2 pro u < 0, v < 0, uv = 1
−π + arctg u+v

1−uv pro u < 0, v < 0, uv > 1.

(e) Pro rozklad dané funkce na součet parciálńıch zlomk̊u plat́ı

2x

(1 + x)(1 + x2)2
=

A

x + 1
+

Bx + C

x2 + 1
+

Dx + E

(x2 + 1)2

2x = A(x2 + 1)2 + (Bx + C)(x + 1)(x2 + 1) + (Dx + E)(x + 1).

Srovnáńım koeficient̊u dostaneme soustavu lineárńıch rovnic

x4 : 0 = A +B
x3 : 0 = B +C
x2 : 0 = 2A +B +C +D
x1 : 2 = B +C +D +E
x0 : 0 = A +C +E

Abychom nemuseli řešit tuto nepř́ıjemnou soustavu, využijeme postupu z př́ıkladu
10(a). (Srovnejte též poznámku k řešeńı př́ıkladu 10(c)).
Pro x = −1 dostaneme −2 = 4A ⇒ A = − 1

2 a odtud B = 1
2 , C = − 1

2 , D = 1, E = 1.
Plat́ı tedy∫

2x dx

(1 + x)(1 + x2)2
= −1

2
ln |x + 1|+ 1

2

∫
x− 1
x2 + 1

dx +
∫

x + 1
(x2 + 1)2

=

=
1
2

ln
√

x2 + 1
|x + 1|

− 1
2
arctg x +

1
2
I +K,

kde
I =

∫
2x dx

(x2 + 1)2
, K =

∫
dx

(x2 + 1)2
.

Zavedeme-li v integrálu I substituci x2+1 = t, dostaneme I = − 1
x2+1 +C. Pro výpočet

integrálu K použijeme rekurentńı formuli z př́ıkladu 8(j). Podle ńı je

K = K2 =
x

2(1 + x2)
+

1
2
K1 =

x

2(1 + x2)
+

1
2
arctg x + C.

Shrnut́ım dostáváme∫
2x dx

(1 + x)(1 + x2)2
=

1
2

ln
√

x2 + 1
|x + 1|

− 1
2
arctg x− 1

2(x2 + 1)
+

x

2(1 + x2)
+

1
2
arctg x+C =

=
1
2

ln
√

x2 + 1
|x + 1|

+
x− 1

2(1 + x2)
+ C.

Poznámka: Použijeme-li k výpočtu Ostrogradského metodu, nemuśıme znát reku-
rentńı vzorec z př́ıkladu 8(j). Plat́ı totiž∫

2x dx

(1 + x)(1 + x2)2
=

Ax + B

1 + x2
+
∫

Cx2 + Dx + E

(1 + x)(1 + x2)
dx.
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Derivováńım tohoto vztahu a vynásobeńım nejmenš́ım společným jmenovatelem
(1 + x)(1 + x2)2 dostaneme

2x

(1 + x)(1 + x2)2
=

A

1 + x2
− 2x(Ax + B)

(1 + x2)2
+

Cx2 + Dx + E

(1 + x)(1 + x2)
,

2x = A(1 + x2)(1 + x)− 2x(1 + x)(Ax + B) + (Cx2 + Dx + E)(1 + x2).

Porovnáńım koeficient̊u u stejných mocnin x dostaneme soustavu

x4 : 0 = C
x3 : 0 = −A +D
x2 : 0 = −A −2B +C
x1 : 2 = A −2B +D
x0 : 0 = A +E

Z druhé rovnice plyne, že D = A, z páté E = −A; dosazeńım D = A do čtvrté
rovnice dostaneme B = A− 1. Když toto vyjádřeńı a C = 0 dosad́ıme do třet́ı rovnice,
dostaneme

0 = −A− 2A + 2−A ⇒ A = D =
1
2
, E = B = −1

2
.

Tedy ∫
2x dx

(1 + x)(1 + x2)2
=

x− 1
2(x2 + 1)

+
1
2

∫
x− 1

(x + 1)(x2 + 1)
dx.

Racionálńı lomenou funkci v posledńım integrálu rozlož́ıme na součet parciálńıch zlomk̊u:

x− 1
(x + 1)(x2 + 1)

=
A

x + 1
+

Bx + C

x2 + 1
; x− 1 = A(x2 + 1) + (Bx + C)(x + 1).

Dosazeńım x = −1 dostaneme −2 = 2A ⇒ A = −1, dosad́ıme-li x = i, máme
−1 + i = C −B + i(C + B) ⇒ B −B = −1, C + B = 1 ⇒ B = 1, C = 0. Proto∫

x− 1
(x + 1)(x2 + 1)

dx =
∫ (

1
2

2x

x2 + 1
− 1

x + 1

)
dx =

=
1
2

ln(x2 + 1)− ln |x + 1|+ C = ln
√

x2 + 1
|x = 1|

+ C,

a tedy celkově ∫
2x dx

(1 + x)(1 + x2)2
=

x− 1
2(1 + x2)

+
1
2

ln
√

x2 + 1
|x + 1|

+ C.

Jak se vám Ostrogradského metoda ĺıb́ı?

(f) Rozklad na součet parciálńıch zlomk̊u dává

(x + 1)4

(x2 + 2x + 2)3
=

Ax + B

x2 + 2x + 2
+

Cx + D

(x2 + 2x + 2)2
+

Ex + F

(x2 + 2x + 2)3
,

(x + 1)4 = (Ax + B)(x2 + 2x + 2)2 + (Cx + D)(x2 + 2x + 2) + Ex + F .

Porovnáńım koeficient̊u dostaneme soustavu lineárńıch rovnic

x5 : 0 = A
x4 : 1 = 4A + B
x3 : 4 = 8A +4B + C
x2 : 6 = 8A +8B +2C + D
x1 : 4 = 4A +8B +2C +2D +E
x0 : 1 = 4B +2D +F
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s řešeńım A = 0, B = 1, C = 0, D = −2, E = 0, F = 1. Tedy∫
(x + 1)4 dx

(x2 + 2x + 2)3
=
∫

dx

(x + 1)2 + 1
− 2

∫
dx

[(x + 1)2 + 1]2
+
∫

dx

[(x + 1)2 + 1]3
=

= arctg (x + 1)− 2K2 +K3.

Použit́ım stejné rekurentńı formule jako v předchoźım př́ıkladu dostaneme

K2 =
x + 1

2(x2 + 2x + 2)
+

1
2
K1 =

x + 1
2(x2 + 2x + 2)

+
1
2
arctg (x + 1) + C,

K3 =
x + 1

4(x2 + 2x + 2)2
+

3
4
K2 =

x + 1
4(x2 + 2x + 2)2

+
3(x + 1)

8(x2 + 2x + 2)
+

3
8
arctg (x+1)+C.

Shrnut́ım dostaneme∫
(x + 1)4 dx

(x2 + 2x + 2)3
= arctg (x + 1)− x + 1

x2 + 2x + 2
− arctg (x + 1) +

x + 1
4(x2 + 2x + 2)2

+

+
3(x + 1)

8(x2 + 2x + 2)
+

3
8
arctg (x + 1) + C =

3
8
arctg (x + 1)− 5(x + 1)

8(x2 + 2x + 2)
+

+
x + 1

4(x2 + 2x + 2)2
+ C =

3
8
arctg (x + 1)− 5x3 + 15x2 + 18x + 8

8(x2 + 2x + 2)2
+ C.

Poznámka: Podle Ostrogradského metody je∫
(x + 1)4 dx

(x2 + 2x + 2)3
=

Ax3 + Bx2 + Cx + D

(x2 + 2x + 2)2
+
∫

Ex + F

x2 + 2x + 2
dx.

Odtud

(x + 1)4

(x2 + 2x + 2)3
=

3Ax2 + 2Bx + C

(x2 + 2x + 2)2
− 2(2x + 2)(Ax3 + Bx2 + Cx + D)

(x2 + 2x + 2)3
+

Ex + F

x2 + 2x + 2
,

(x + 1)4 = (3Ax2 + 2Bx + C)(x2 + 2x + 2)− 4(x + 1)(Ax3 + Bx2 + Cx + D)+

+(Ex + F )(x2 + 2x + 2)2.

Porovnáńım koeficient̊u u stejných mocnin x dostaneme

x5 : 0 = E
x4 : 1 = −A + F
x3 : 4 = 2A −2B +4F
x2 : 6 = 6A −3C +8F
x1 : 4 = 4B −2C −4D +8F
x0 : 1 = 2C −4D +4F .

Řešeńım soustavy dostaneme A = − 5
8 B = − 15

8 , C = − 18
8 , D = −1, F = 3

8 . Tedy∫
(x + 1)4 dx

(x2 + 2x + 2)3
= −5x3 + 15x2 + 18x + 8

8(x2 + 2x + 2)2
+

3
8

∫
dx

(x + 1)2 + 1
=

=
3
8
arctg (x + 1)− 5x3 + 15x2 + 18x + 8

8(x2 + 2x + 2)2
+ C.
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11. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = x
(x+1)(2x+1) ,

[
ln |x + 1| − 1

2 ln |2x + 1|
]

(b) f(x) = x
2x2−3x−2 ,

[
1
10{ln |2x + 1|+ 4 ln |x− 2|}

]
(c) f(x) = 2x2+41x−91

(x−1)(x+3)(x−4) ,
[
ln
∣∣∣ (x−1)4(x−4)5

(x+3)7

∣∣∣]
(d) f(x) = x3−1

4x3−x ,
[
1
4x + ln |x| − 7

16 ln |2x− 1| − 9
16 ln |2x + 1|

]
(e) f(x) = x6−2x4+3x3−9x2+4

x5−5x3+4x ,
[

x2

2 + ln |x|+ 1
2 {ln |x− 1|+ 3 ln |x + 1|}+ ln

∣∣∣x−2
x+2

∣∣∣]
(f) f(x) = x2−3x+2

x(x2+2x+1) ,
[
ln x2

|x+1| + 6
x+1

]
(g) f(x) = 1

x

(
x+2
x−1

)2

,
[
4 ln |x| − 3 ln |x− 1| − 9

x−1

]
(h) f(x) = x3+1

x3−x2 ,
[
x + 1

x + ln (x−1)2

|x|

]
(i) f(x) = 1

8

(
x−1
x+1

)4

,
[

x
8 − ln |x + 1| − 9x2+12x+5

3(x+1)3

]
(j) f(x) = x2

(x+2)2(x+4)2 ,
[
2 ln

∣∣∣x+4
x+2

∣∣∣− 5x+12
x2+6x+8

]
(k) f(x) = 7x3−9

x4−5x3+6x2 ,
[

3
2x −

5
4 ln |x| − 47

4 ln |x− 2|+ 20 ln |x− 3|
]

(l) f(x) = 1
x(x2+1) ,

[
ln |x|√

x2+1

]
(m) f(x) = x

x3−1 ,
[

1
3 ln |x−1|√

x2+x+1
+ 1√

3
arctg 2x+1√

3

]
(n) f(x) = x4+1

x3−x2+x−1 ,
[

x2

2 + x + ln |x−1|√
x2+1

− arctg x
]

(o) f(x) = x2

1−x4 ,
[

1
4 ln

∣∣∣ 1+x
1−x

∣∣∣− 1
2arctg x

]
(p) f(x) = 1

(x+1)2(x2+1) ,
[

1
2

{
ln |1+x|√

x2+1
− 1

x+1

}]
(q) f(x) = 3x2+x+3

(x−1)3(x2+1) ,
[

1
4

{
ln

√
x2+1
|x−1| + arctg x− 7

(x−1)2

}]
(r) f(x) = x3−6

x4+6x2+8 ,
[
ln(x2 + 4)− 1

2 ln(x2 + 2) + 3
2arctg x

2 −
3√
2
arctg x√

2

]
(s) f(x) = x3+x−1

(x2+2)2 ,
[

2−x
4(x2+2) + 1

2 ln(x2 + 2)−
√

2
8 arctg x√

2

]
(t) f(x) = 1

x(x2+4)2(x2+1) ,
[

1
16 ln |x| − 1

18 ln(x2 + 1) + 7
288 ln(x2 + 4)− 1

24(x2+4)

]
(u) f(x) = 1

(x2+9)3 ,
[

x
36(x2+9)2 + x

216(x2+9) + 1
648arctg x

3

]
(v) f(x) = 1

(x2+1)4 ,
[

15x5+40x3+33x
48(x2+1)3 + 5

16arctg x
]

Poznámky: (1.) V př́ıkladu (i) zlomek x−1
x+1 vydělte a pak umocněte.

(2.) V př́ıkladu (o) lze při výpočtu postupovat tak, že do rozkladu −t
t2−1 na součet

parciálńıch zlomk̊u se dosad́ı t = x2 a zlomky, které nejsou parciálńı, se znovu rozlož́ı
na součet parciálńıch zlomk̊u.
(3.) V př́ıkladu (q) zkuste Ostrogradského metodu.
(4.) V př́ıkladu (s) zapǐste čitatele ve tvaru x3 + 2x− (x + 1). Lze aplikovat též Ostro-
gradského metodu.
(5.) V př́ıkladu (t) je vhodné zadanou funkci rozš́ı̌rit výrazem x a provést substituci
t = x2.

(6.) V př́ıkladech (u) a (v) jsou dané funkce parciálńı zlomky, proto lze využ́ıt př́ıkladu
8(j). Výsledek zkontrolujte Ostrogradského metodou.
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1.2 Integrály typu
∫

R
(
x, s

√
αx+β
γx+δ

)
dx .

12. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 1
x

3

√
1−x
1+x , (b) f(x) = x 3√2+x

x+ 3√2+x
, (c) f(x) = 3

√
x+1
x−1 ,

(d) f(x) = x
√

x−1
x+1 , (e) f(x) = 1√

x+ 3√x+2 4√x
, (f) f(x) =

√
1−
√

x
1+
√

x
,

(g) f(x) = 1
4
√

(x−1)3(x+2)5
, (h) f(x) =

√
x+1−

√
x−1√

x+1+
√

x−1
.

Řešeńı:

(a) V integrálu I =

∫
3

√
1−x
1+x

dx
x zavedeme substituci

3

√
1− x

1 + x
= t ⇒ x =

1− t3

1 + t3
, dx =

−6t2 dt

(t3 + 1)2
.

Plat́ı tedy

I = −6
∫

t3

(t3 + 1)2
1 + t3

1− t3
dt = −6

∫
t3 dt

(t3 + 1)(1− t3)
= 3

∫ (
1

t3 + 1
+

1
t3 − 1

)
dt.

Označ́ıme-li F (t) =
∫

dt
t3+1 , pak

d

dt
{F (−t)} =

dF

dt
(−t) · (−1) =

−1
(−t)3 + 1

=
1

t3 − 1

a je tedy F (−t) =
∫

dt
t3−1 . Podle př́ıkladu 10(c) v́ıme, že

F (t) =
1
3

ln
|t + 1|√
t2 − t + 1

+
1√
3
arctg

2t− 1√
3

,

plyne odtud, že

I = 3{F (t) + F (−t)}+ C = ln |t2 − 1| − 1
2

ln[(t2 − t + 1)(t2 + t + 1)]+

+
√

3
{

arctg
2t− 1√

3
− arctg

2t + 1√
3

}
+ C = ln

|t2 − 1|√
t4 + t2 + 1

+
√

3 arctg
− 2√

3

1 + 4t2−1
3

+ C =

= ln
|t2 − 1|√
t4 + t2 + 1

−
√

3 arctg
√

3
1 + 2t2

+C = ln
|t2 − 1|√
t4 + t2 + 1

+
√

3 arctg
1 + 2t2√

3
−π

2
+C =

= ln
|t2 − 1|√
t4 + t2 + 1

+
√

3 arctg
1 + 2t2√

3
+ K,

kde t = 3

√
1−x
1+x . Při úpravě výsledku jsme použili lichosti funkce arctg a vzorec z

poznámek (1.) a (2.) k př́ıkladu 10(d).

(b) Do integrálu I =

∫
x 3√2+x

x+ 3√2+x
dx zavedeme substituci

3
√

2 + x = t, tedy x = t3 − 2, dx = 3t2 dt.
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Po substituci dostáváme integrál I = 3

∫
(t3−2)t3

t3+t−2 dt. Tato funkce neńı ryze lomená,

muśıme tedy provést děleńı se zbytkem:

(t6 − 2t3) : (t3 + t− 2) = t3 − t +
t2 − 2t

t3 + t− 2
.

Jestliže posledńı zlomek rozlož́ıme na parciálńı zlomky, dostaneme

t2 − 2t

(t− 1)(t2 + t + 2)
=

A

t− 1
+

Bt + C

t2 + t + 2
,

tedy
t2 − 2t = A(t2 + t + 2) + (Bt + C)(t− 1).

Dosazeńım t = 1 máme A = − 1
4 a srovnáńım koeficient̊u dostaneme soustavu rovnic

t2 : 1 = A +B
t0 : 0 = 2A −C

s řešeńım B = 5
4 , C = − 1

2 . Plat́ı tedy

I =
3
4
t4 − 3

2
t2 − 3

4
ln |t− 1|+ 3

4

∫
5t− 2

t2 + t + 2
dt =

3
4
(
t4 − 2t2 − ln |t− 1|

)
+

15
8

∫
2t + 1

t2 + t + 2
dt− 27

8

∫
dt(

t + 1
2

)2 + 7
4

=
3
4
(
t4 − 2t2 − ln |t− 1|

)
+

+
15
8

ln(t2 + t + 2)− 27
14

∫
dt(

2t+1√
7

)2

+ 1
=

=
3
4
(
t4 − 2t2 − ln |t− 1|

)
+

15
8

ln(t2 + t + 2)− 27
4
√

7
arctg

2t + 1√
7

+ C,

kde t = 3
√

2 + x.

(c) V integrálu I =

∫
3

√
x+1
x−1 dx zavedeme substituci 3

√
x+1
x−1 = t. Odtud

x =
t3 + 1
t3 − 1

, dx =
−6t2 dt

(t3 − 1)2

a tedy

I =
∫

−6t3 dt

(t3 − 1)2
=

At2 + Bt + C

t3 − 1
+
∫

Dt2 + Et + F

t3 − 1
dt.

Derivováńım tohoto vztahu a následným vynásobeńım výrazem (t3 − 1)2 dostaneme

−6t3

(t3 − 1)2
=

2At + B

t3 − 1
− 3t2(At2 + Bt + C)

(t3 − 1)2
+

Dt2 + Et + F

t3 − 1
,

−6t2 = (2At + B)(t3 − 1)− 3t2(At2 + Bt + C) + (Dt2 + Et + F )(t3 − 1).

Porovnáńım koeficient̊u u stejných mocnin t dostaneme

t5 : 0 = D, t4 : 0 = − A +E,
t2 : 0 = −3C −D, t1 : 0 = −2A −E.
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Odtud A = C = D = E = 0 a −6t2 = (B +F )(t3− 1)− 3Bt3. Opětovným porovnáńım
koeficient̊u u stejných mocnin t dostaneme soustavu rovnic

t3 : −6 = −2B +F ,
t0 : 0 = B +F ,

jej́ımž řešeńım je dvojice B = 2, F = −2. Tedy∫
−6t3 dt

(t3 − 1)2
=

2t

t3 − 1
− 2

∫
dt

t3 − 1
=

2t

t3 − 1
− 2

3
ln

|t− 1|√
t2 + t + 1

+
2√
3
arctg

2t + 1√
3

+ C

podle př́ıkladu 10(c) a vzorce pro
∫

dt
t3−1 z řešeńı př́ıkladu 12(a). Odtud

I =
2t

t3 − 1
+

1
3

ln
t2 + t + 1
t2 − 2t + 1

+
2√
3
arctg

2t + 1√
3

+ C,

kde t = 3

√
x+1
x−1 ,

(d) Do integrálu I =

∫
x
√

x−1
x+1 dx zavedeme substituci

√
x−1
x+1 = t. Odtud

x =
1 + t2

1− t2
, dx =

4t dt

(1− t2)2
.

Je tedy

I = 4
∫

t4 + t2

(1− t2)3
dt =

∫
−4t4 − 4t2

(t2 − 1)3
dt =

At3 + Bt2 + Ct + D

(t2 − 1)2
+
∫

Et + F

t2 − 1
dt.

Zderivováńım tohoto vztahu a vynásobeńım výrazem (t2 − 1)3 dostaneme

−4t4−4t2 = (3At2 +2Bt+C)(t2−1)−4t(At3 +Bt2 +Ct+D)+(Et+F )(t4−2t2 +1).

Porovnáńım koeficient̊u u stejných mocnin t dostaneme soustavu rovnic

t5 : 0 = E
t4 : −4 = − A + F
t3 : 0 = −2B −2E
t2 : −4 = −3A −3C −2F
t1 : 0 = −2B −4D + E
t0 : 0 = − C + F .

Z prvńı, třet́ı a páté rovnice dostaneme B = D = E = 0, z druhé, čtvrté a šesté
A = 3, C = F = −1. Odtud plyne, že

I =
3t3 − t

(t2 − 1)2
+
∫

dt

1− t2
= t · 3t2 − 1

(t2 − 1)2
+

1
2

ln
∣∣∣∣1 + t

1− t

∣∣∣∣+ K =

√
x− 1
x + 1

·
3x−3
x+1 − 1(
x−1
x+1 − 1

)2 +

+
1
2

ln
∣∣∣∣√x + 1 +

√
x− 1√

x + 1−
√

x− 1

∣∣∣∣+K =
1
2

ln
(
√

x + 1 +
√

x− 1)2

2
+

√
x− 1
x + 1

·1
2
(x−2)(x+1)+K =

=
1
2

{
ln
∣∣∣x +

√
x2 − 1

∣∣∣+ sgn [x(x− 2)]
√

x2 − 1
}

+ K.
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(e) Je

I =
∫

dx√
x + 3

√
x + 4

√
x

=

∣∣∣∣∣ 12
√

x = t, x = t12,

dx = 12t11 dt.

∣∣∣∣∣ =
= 12

∫
t11 dt

t6 + t4 + 2t3
= 12

∫
t8 dt

t3 + t + 2
.

Po vyděleńı dostaneme

t8

t3 + t + 2
= t5 − t3 − 2t2 + t + 4 +

3t2 − 6t− 8
t3 + t + 2

.

Rozklad ryze lomené části na parciálńı zlomky dává

3t2 − 6t− 8
t3 + t + 2

=
A

t + 1
+

Bt + C

t2 − t + 2
, 3t2 − 6t− 8 = A(t2 − t + 2) + (Bt + C)(t = 1).

Srovnáńım koeficient̊u dostaneme soustavu rovnic

t2 : 3 = A +B
t1 : −6 = −A +B +C
t0 : −8 = 2A +C,

jej́ımž řešeńım je trojice A = 1
4 , B = 11

4 , C = − 17
2 . Plat́ı tedy

I = 2t6 − 3t4 − 8t3 + 6t2 + 48t + 3 ln |t + 1|+K,

kde

K =
∫

33t− 102
t2 − t + 2

dt =
33
2

∫
2t− 1

t2 − t + 2
dt− 171

2

∫
dt

t2 − t + 2
=

33
2

ln(t2 − t + 2)−

−171
2

∫
dt(

t− 1
2

)2 + 7
4

=
33
2

ln(t2 − t + 2)− 342
7

∫
dt(

2t−1√
7

)2

+ 1
=

=
33
2

ln(t2 − t + 2)− 171√
7

arctg
2t− 1√

7
+ C

Tedy výsledně
I = 2

√
x− 3 3

√
x− 8 4

√
x + 6 6

√
x + 48 12

√
x+

+ ln( 12
√

x + 1) +
33
2

ln( 6
√

x− 12
√

x + 2)− 171√
7

arctg
2 12
√

x− 1√
7

+ C.

(f) Plat́ı

I =

∫√
1−

√
x

1 +
√

x
dx =

∣∣∣∣∣
√

x = t, x = t2,

dx = 2t dt

∣∣∣∣∣ = 2

∫
t ·
√

1− t

1 + t
dt.

Do tohoto integrálu zavedeme substituci
√

1−t
1+t = u, tedy

t =
1− u2

1 + u2
, dt =

−4u du

(1 + u2)2
.

Plat́ı tedy

I = −8
∫

u2(1− u2)
(1 + u2)3

du =
∫

8u4 − 8u2

(1 + u2)3
du =

Au3 + Bu2 + Cu + D

(1 + u2)2
+
∫

Eu + F

u2 + 1
du.

23



Zderivováńım tohoto vztahu a vynásobeńım výrazem (u2 + 1)3 dostaneme

8u4−8u2 = (3Au2+2Bu+C)(u2+1)−4u(Au3+Bu2+Cu+D)+(Eu+F )(u4+2u2+1).

Porovnáńı koeficient̊u u stejných mocnin u dává soustavu rovnic

u5 : 0 = E
u4 : 8 = −A + F
u3 : 0 = −2B +2E
u2 : −8 = 3A −3C +2F
u1 : 0 = 2B −4D + E
u0 : 0 = C + F

jej́ımž řešeńım je A = −6, B = D = E = 0, c = −2, F = 2. Odtud

I = −2u
3u2 + 1

(u2 + 1)2
+ 2arctg u + C,

kde u =
√

1−
√

x
1+
√

x
. po dosazeńı za u a po úpravě dostáváme

I =

∫√
1−

√
x

1 +
√

x
dx = (

√
x− 2)

√
1− x + 2arctg

√
1−

√
x

1 +
√

x
+ C =

= (
√

x− 2)
√

1− x + arccos
√

x + C.

Poznámka: Pro t ∈ 〈0, 1〉 plat́ı 2arctg
√

1−t
1+t = arccos t. Skutečně pro u ∈ 〈0, π

2 〉 plat́ı

tg
u

2
=

sin u
2

cos u
2

=

√
1− cos u

1 + cos u
, tedy u = 2arctg

√
1− cos u

1 + cos u
.

Polož́ıme-li cos u = t, je u = arccos t, což dává uvedený výsledek.

(g) Integrál I =

∫
dx

4
√

(x−1)3(x+2)5
nejdř́ıve uprav́ıme. Plat́ı

I =

∫
dx

(x− 1)(x + 2) 4

√
x+2
x−1

=

∫
4

√
x−1
x+2 dx

(x− 1)(x + 2)
.

Zavedeńım substituce 4

√
x−1
x+2 = t dostaneme

x =
1 + 2t4

1− t4
, dx =

12t3 dt

(1− t4)2
, x− 1 =

3t4

1− t4
, x + 2 =

3
1− t4

.

Tedy

I = 12

∫
t4 dt

(1−t4)2

3t4

1−t4 ·
3

1−t4

=
4
3

∫
dt =

4
3

4

√
x− 1
x + 2

+ C.

(h) Jestliže v integrálu I =

∫
√

x+1−
√

x−1√
x+1+

√
x−1

dx vyděĺıme čitatele i jmenovatele
√

x− 1, dosta-

neme I =

∫ q
x+1
x−1−1q
x+1
x−1+1

dx. Zavedeńı substituce
√

x+1
x−1 = t dává x = t2+1

t2−1 , dx = −4t dt
(t2−1)2 ,

tedy

I = −4
∫

(t− 1)t dt

(t + 1)(t2 − 1)2
=
∫

−4t dt

(t + 1)3(t− 1)
.
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Rozklad na parciálńı zlomky má tvar

−4t

(t + 1)3(t− 1)
=

A

t + 1
+

B

(t + 1)2
+

C

(t + 1)3
+

D

t− 1
,

−4t = A(t3 + t2 − t− 1) + B(t2 − 1) + C(t− 1) + D(t3 + 3t2 + 3t + 1).

Srovnáńım koeficient̊u u stejných mocnin t dostaneme soustavu rovnic

t3 : 0 = A + D
t2 : 0 = A +B +3D
t1 : −4 = −A +C +3D
t0 : 0 = −A −B −C + D,

jej́ımž řešeńım je čtveřice D = − 1
2 , A = 1

2 , B = 1, C = −2. Tedy

I =
1
2

ln |t + 1| − 1
t + 1

+
1

(t + 1)2
− 1

2
ln |t− 1|+ C =

1
2

ln
∣∣∣∣ t + 1
t− 1

∣∣∣∣− t

(t + 1)2
+ C =

=
1
2

ln
∣∣∣∣√x + 1 +

√
x− 1√

x + 1−
√

x− 1

∣∣∣∣− √
x2 − 1

(
√

x + 1 +
√

x− 1)2
+ C =

1
2

ln
∣∣∣x +

√
x2 − 1

∣∣∣−
−

√
x2 − 1

2(x +
√

x2 − 1)
+ C =

1
2

{
ln
∣∣∣x +

√
x2 − 1

∣∣∣−√x2 − 1(x−
√

x2 − 1)
}

+ C =

=
1
2

{
ln
∣∣∣x +

√
x2 − 1

∣∣∣− x
√

x2 − 1 + x2
}

+ K,

kde K = C − 1
2 .

13. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 1
1+
√

x
, [2 {

√
x− ln(1 +

√
x)}]

(b) f(x) =
√

x
1+
√

x
, [x− 2

√
x + 2 ln(

√
x + 1)]

(c) f(x) = x 4
√

x− 2,
[

4
45 (x− 2)(5x + 8) 4

√
x− 2

]
(d) f(x) = x+1

3√3x+1
,

[
x+2
5

3
√

(3x + 1)2
]

(e) f(x) = 1−2
√

x
1+2

√
x
, [2

√
x− x− ln(2

√
x + 1)]

(f) f(x) = 1

3x+
3√

x2
,

[
ln |1 + 3 3

√
x2|
]

(g) f(x) =
√

x+1+1√
x+1−1

,
[
x + 4

√
x + 1 + 4 ln |

√
x + 1− 1|

]
(h) f(x) =

√
x+4
x ,

[
2
(√

x + 4 + ln |
√

x+4−2|√
x+4+2

)]
(i) f(x) = 1

x3
5

√
x

x+1 ,
[

5
4

(
x+1

x

)4/5 − 5
9

(
x+1

x

)9/5
]

(j) f(x) =
3√x+2
x+1 ,

[
3t + ln |t−1|√

t2+t+1
−
√

3 arctg 2t+1√
3

, kde t = 3
√

x + 2
]

(k) f(x) = 1
x

√
1−x
1+x ,

[
ln
∣∣∣√1+x−

√
1−x√

1+x+
√

1−x

∣∣∣+ 2 arctg
√

1−x
1+x

]
(l) f(x) = x2+

√
1+x

3√1+x
,

[
6 3
√

(x + 1)2
(

(x+1)2

16 − x+1
5 +

√
x+1
7 + 1

4

)]
(m) f(x) = 1

x(
√

x+ 5√x)
,

[
10
(
ln

10√x
10√x+1

+ 1
10√x

− 1
2 5√x

+ 1

3
10√

x3
− 1

4
5√

x2

)]
(n) f(x) = x√

x+1+ 3√x+1
,[

6
{

1
9 (x + 1)

3
2 − 1

8 (x + 1)
4
3 + 1

7 (x + 1)
7
6 − 1

6 (x + 1) + 1
5 (x + 1)

5
6 − 1

4 (x + 1)
2
3

}]
25



(o) f(x) = 1−
√

x+1
1+ 3√x+1

,[
6t− 3t2 − 2t3 + 3

2 t4 + 6
5 t5 − 6

7 t7 + 3 ln(1 + t2)− 6arctg t, kde t = 6
√

x + 1
]

(p) f(x) = 1
x(1+2

√
x+ 3√x)

,
[
lnx− 3

2 ln( 6
√

x + 1)− 9
4 ln(2 3

√
x− 6

√
x + 1)− 3

2
√

7
arctg 4 6√x−1√

7

]
(q) f(x) = 1√

x(1+
4√

x3)
,

[
− 2

3 ln ( 4√x+1)2√
x− 4√x+1

+ 4√
3
arctg 2 4√x−1√

3

]
(r) f(x) = 1

3
√

(x+1)2(x−1)4
,

[
− 3

2
3

√
x+1
x−1

]

1.3 Integrály typu
∫

R(sin x, cos x) dx.

14. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = sin4 x cos5 x, (b) f(x) = sin2 x cos4 x ,

(c) f(x) = sin4 x
cos2 x , (d) f(x) = cos4 x

sin3 x
,

(e) f(x) = 1
sin4 x cos4 x

, (f) f(x) = cos2 x
(a2 sin2 x+b2 cos2 x)2

, ab 6= 0,

(g) f(x) = sin2 x cos2 x
sin8 x+cos8 x

, (h) f(x) = cos x
(1−cos x)2

(i) f1(x) = sin ax cos bx,
f2(x) = cos ax cos bx,
f3(x) = sin ax sin bx, |a| 6= |b|,

(j) f(x) = cos x cos 2x cos 3x,

(k) f(x) = sin3 2x cos2 3x, (l) f(x) = 1
sin(x+a) sin(x+b) .

Řešeńı:

(a) Plat́ı∫
sin4 x cos5 x dx =

∫
sin4 x(1−sin2 x)2 cos x dx =

∣∣∣∣ sinx = t
cos x dx = dt

∣∣∣∣ = ∫ t4(1−t2)2 dt =

=
∫

(t8 − 2t6 + t4) dt =
t9

9
− 2t7

7
+

t5

5
+ C =

1
9

sin9 x− 2
7

sin7 x +
1
5

sin5 x + C.

(b) Užit́ım goniometrických vzorc̊u pro polovičńı argument dostaneme∫
sin2 x cos4 x dx =

∫
1− cos 2x

2

(
1 + cos 2x

2

)2

dx =
1
8

∫
(1−cos2 2x)(1+cos 2x) dx =

=
1
8

∫
sin2 2x(1 + cos 2x) dx =

1
8

{∫
sin2 2x dx +

∫
sin2 2x cos 2x dx

}
=

=
∣∣∣∣ t = sin 2x

dt
2 = cos 2x dx

∣∣∣∣ = 1
16

{∫
(1− cos 4x)dx +

∫
t2 dt

}
=

=
1
16

(
x− 1

4
sin 4x +

1
3

sin3 2x

)
+ C =

x

16
− 1

64
sin 4x +

1
48

sin3 2x + C.

(c) Plat́ı ∫
sin4 x

cos2 x
dx =

∫
(1− cos2 x)2

cos2 x
dx =

∫
dx

cos2 x
− 2

∫
dx +

∫
cos2 x dx =

= tg x− 2x +
1
2

∫
(1 + cos 2x) dx = tg x− 2x +

1
2
x +

1
4

sin 2x + C =
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=
1
4

(4tg x− 6x + sin 2x) + C.

Poznámky: (1.) Zavedeme-li substituci tg x = t, t ∈
(
−π

2 , π
2

)
, která je standardně

použ́ıvána při výpočtu integrál̊u tohoto typu, dostaneme∫
sin4 x

cos2 x
dx =

∫
t4

(t2+1)2

1
t2+1

· dt

t2 + 1
=
∫

t4

(t2 + 1)2
dt =

=
∫

t4 + 2t2 + 1− 2(t2 + 1) + 1
(t2 + 1)2

dt = t− 2
∫

dt

t2 + 1
+
∫

dt

(t2 + 1)2
=

= t− 2arctg t +
t

2(t2 + 1)
+

1
2

arctg t + C

podle př́ıkladu 8(j). Je tedy∫
sin4 x

cos2 x
dx = tg x− 3

2
x +

tg x

2(1 + tg2x)
+ C

a ukazuje se, že substituce vyžaduje v tomto konkrétńım př́ıkladu poněkud deľśı výpočet.
(2.) Substituce t = tg x neńı pro výpočet integrálu

∫
cos2 x dx vhodná. Postup při

výpočtu integrál̊u tvaru
∫

sin2m x
cos2n x dx, m ∈ N ∪ {0}, n ∈ N, je následuj́ıćı∫

sin2m x

cos2n x
dx =

∫
(1− cos2 x)m

cos2n x
dx =

m∑
k=0

(
m

k

)
(−1)k

∫
cos2(k−n) x dx.

Je-li k ∈ Z, pak se
∫

cos2k x dx řeš́ı substitućı t = tg x právě když je k < 0. Je-li k > 0,
potom postupujeme jako v př́ıkladu 14(b).

(d) Po jednoduché úpravě integrandu dostaneme

I =
∫

cos4 x dx

sin3 x
=
∫

cos4 x sinx

sin4 x
dx = −

∫
cos4 x(− sinx)
(1− cos2 x)2

dx =
∣∣∣∣ cos x = t
− sinx dx = dt

∣∣∣∣ =
= −

∫
t4 dt

(1− t2)2
= −

∫
(t2 − 1)2 + 2t2 − 1

(t2 − 1)2
dt = −t−

∫
(2t2 − 1)dt

(t2 − 1)2
.

Protože ∫
2t2 − 1

(t2 − 1)2
dt =

At + B

t2 − 1
+
∫

Ct + D

t2 − 1
dt,

dostaneme derivováńım a násobeńım výrazem (t2 − 1)2

2t2 − 1 = A(t2 − 1)− 2t(At + B) + (Ct + D)(t2 − 1).

Porovnáńım koeficient̊u u stejných mocnin dostaneme soustavu rovnic

t3 : 0 = C
t2 : 2 = −A +D
t1 : 0 = −2B −C
t0 : −1 = −A −D

jej́ımž řešeńım je A = − 1
2 , B = C = 0, D = 3

2 . Je tedy

I = −t− t

2(1− t2)
+

3
2

∫
dt

1− t2
= −t− t

2(1− t2)
− 3

4
ln
∣∣∣∣1− t

1 + t

∣∣∣∣+ C =

= − cos x− cos x

2 sin2 x
− 3

4
ln
∣∣∣∣1− cos x

1 + cos x

∣∣∣∣+ C = − cos x− cos x

2 sin2 x
− 3

4
ln
∣∣∣tgx

2

∣∣∣+ C.
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(e) Plat́ı ∫
dx

sin4 x cos4 x
=
∣∣∣∣ tg x = t

dx = dt
t2+1

∣∣∣∣ =
∫

dt
t2+1

t4

(t2+1)2 ·
1

(t2+1)2

=
∫

(t2 + 1)3

t4
dt =

=
∫ (

t2 + 3 +
3
t3

+
1
t4

)
dt =

1
3
t3 + 3t− 3

t
− 1

3t2
+ C =

=
1
3
(
tg3x− cotg3x

)
+ 3(tg x− cotg x) + C

Poznámky: (1.) Daný integrál můžeme též přepsat do tvaru∫
dx

sin4 x cos4 x
= 16

∫
dx

sin4 2x
=
∣∣∣∣ tg 2x = t

dx = dt
2(t2+1)

∣∣∣∣ = 8
∫

(t2 + 1) dt

t4
=

= 8
{
−1

t
− 1

3t3

}
+ C = −8

3
(
3cotg 2x + cotg32x

)
+ C.

Jestliže si uvědomı́me, že cotg 2x = 1
2 (cotg x− tg x) , ověř́ıme snadno, že oba výsledky

jsou stejné. Obecně se dvě primitivńı funkce, vypoč́ıtané dvěma r̊uznými postupy, mo-
hou lǐsit pouze o konstantu.
(2.) Uvedený integrál můžeme též vypoč́ıtat následuj́ıćım postupem

I =
∫

dx

sin4 x cos4 x
=
∫

(cos2 x + sin2 x) dx

sin4 x cos4 x
=
∫

dx

sin4 x cos2 x
+
∫

dx

sin2 x cos4 x
.

Zopakujeme-li tento postup ještě dvakrát, dostaneme

I =
∫

dx

sin4 x
+ 2

∫
dx

sin2 x cos2 x
+
∫

dx

cos4 x
=
∫

cotg2x
dx

sin2 x
+ 8

∫
dx

sin2 2x
+

+
∫

dx

sin2 x
+
∫

dx

cos2 x
+
∫

tg2x
dx

cos2 x
=

1
3
(
tg3x− cotg3x

)
+tg x−cotg x−4cotg 2x+C

a snadno ověř́ıme, že výsledek je opět stejný.
(3.) Lze také poč́ıtat

I =
∫

dx

sin4 x cos4 x
=
∫

(sin2 x + cos2 x)2

sin4 x cos4 x
dx =

∫
dx

cos4 x
+ 2

∫
dx

sin2 x cos2 x
+

+
∫

dx

sin4 x
=
∫

(tg2x + 1)
dx

cos2 x
+ 2

∫
sin2 x + cos2 x

sin2 x cos2 x
dx +

∫
(cotg2x + 1)

dx

sin2 x
=

=
1
3
tg3x + tg x + 2(tg x− cotg x)− 1

3
cotg3x− cotg x + C =

=
1
3
(
tg3x− cotg3x

)
+ 3(tg x− cotg x) + C

(4.) Uvedený integrál ilustruje situaci, se kterou se v daľśım budeme v daľśım setkávat
poměrně často, hlavně v paragrafu 1.4, který bude pojednávat o metodách výpočtu
integrál̊u typu

∫
R(x,

√
ax2 + bx + c) dx. Pro výpočet se bude nab́ızet v́ıce postup̊u

(někdy až 8) a naš́ım úkolem bude vybrat ten, který je nejefektivněǰśı, tj. správný a
krátký. V př́ıkladu 14(e) to bude nejsṕı̌s postup z bodu (1.) těchto poznámek.
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(f) Je

I =
∫

cos2 x dx

(a2 sin2 x + b2 cos2 x)2
=
∫

cos2 x dx

(a2tg2x + b2)2 cos4 x
=
∣∣∣∣ tg x = t

dt = dx
cos2 x

∣∣∣∣ =
=
∫

dt

(a2t2 + b2)2
=

1
b4

∫
dt

(a2

b2 t2 + 1)2
=

∣∣∣∣∣∣∣
at

b
= u

dt =
b

a
du

∣∣∣∣∣∣∣ =
1

ab3

∫
du

(u2 + 1)2
.

podle př́ıkladu 8(j) plat́ı

I =
1

ab3

{
u

2(u2 + 1)
+

1
2
arctg u

}
+ C =

1
2ab3

{
atgx

b
a2tg2x

b2 + 1
+ arctg

atgx

b

}
+ C =

=
1

2ab3

{
ab tg x

a2tg2x + b2
+ arctg

a tg x

b

}
+ C.

Poznámky: (1.) Do integrálu
∫

sin2 x dx
(a2 cos2 x+b2 sin2 x)2

bychom substituovali t = cotg x.

(2.) Primitivńı funkce k f(x) = cos2 x
(a2 sin2 x+b2 cos2 x)2

existuje v celém R. Źıskáme ji ”sle-
peńım“ výsledku př́ıkladu 14(f).
(3.) Pokud v předpisu funkce f nahrad́ıme znaménko ”+” znaménkem ”−”, lze výpočet
provést obdobně, ale lim

x→x0
f(x) = +∞, lim

x→x0
F (x) = ∓∞, je-ji x0 = ±arctg b

a +kπ, F

primitivńı funkce k f . Jednotlivé d́ıly grafu F nelze ”slepit“ žádnou volbou konstanty.

(g) Integrand nejdř́ıve uprav́ıme. Plat́ı

sin2 x cos2 x

sin8 x + cos8 x
=

4 sin2 2x

(1− cos 2x)4 + (1 + cos 2x)4
=

2 sin2 2x

1 + 6 cos2 2x + cos4 2x
.

Nyńı plat́ı ∫
sin2 x cos2 x

sin8 x + cos8 x
dx =

∫
2 sin2 2x dx

1 + 6 cos2 2x + cos4 2x
=

=

∫
1

1
cos4 2x + 6

cos2 2x + 1
· tg22x · 2 dx

cos2 2x
=

∣∣∣∣∣ t = tg 2x

dt =
2 dx

cos2 2x

∣∣∣∣∣ =
=
∫

t2 dt

(t2 + 1)2 + 6(t2 + 1) + 1
=
∫

t2 dt

t4 + 8t2 + 8
=
∫

t2 dt

(t2 + 4)2 − 8
=

=
∫

t2 dt

(t2 + 4 + 2
√

2)(t2 + 4− 2
√

2)
.

Źıskanou racionálńı funkci rozlož́ıme na součet parciálńıch zlomk̊u (označme u = t2).

u

u2 + 8u + 8
=

A

u + 4 + 2
√

2
+

B

u + 4− 2
√

2
; u = A(u + 4− 2

√
2) + B(u + 4 + 2

√
2).

Dosazeńım u = −4 − 2
√

2 dostaneme A = 4+2
√

2
4
√

2
= 1+

√
2

2 , dosazeńım u = −4 + 2
√

2

dostaneme B = − 4−2
√

2
4
√

2
= 1−

√
2

2 . Plat́ı tedy

I =
1
2
(1 +

√
2)
∫

dt

t2 + 4 + 2
√

2
+

1
2
(1−

√
2)
∫

dt

t2 + 4− 2
√

2
=
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=
1

4
√

2

∫
dt(

t√
4+2

√
2

)2

+ 1

− 1
4
√

2

∫
dt(

t√
4−2

√
2

)2

+ 1

=

=

√
4 + 2

√
2

4
√

2
arctg

tg 2x√
4 + 2

√
2
−
√

4− 2
√

2
4
√

2
arctg

tg 2x√
4− 2

√
2

+ C =

=
1
4

{√
2 +

√
2 arctg

tg 2x√
4 + 2

√
2
−
√

2−
√

2 arctg
tg 2x√
4− 2

√
2

}
+ C.

(h) Užit́ım vzorc̊u pro polovičńı úhel dostaneme∫
cos x dx

(1− cos x)2
=

1
4

∫
cos2 x

2 − sin2 x
2

sin4 x
2

dx =
1
4

{∫
cotg2 x

2

sin2 x
2

dx−
∫

dx

sin2 x
2

}
=

=
1
2

{
−1

3
cotg3 x

2
+ cotg

x

2

}
+ C.

Poznámka: Integrály ze součin̊u goniometrických funkćı tvaru sin ax sin bx, sin ax cos bx,
cos ax cos bx se snadno spoč́ıtaj́ı úpravou integrandu užit́ım jednoho z následuj́ıćıch
vzorc̊u:

sin ax cos bx =
1
2
{sin(a + b)x + sin(a− b)x}

cos ax cos bx =
1
2
{cos(a + b)x + cos(a− b)x}

sin ax sin bx =
1
2
{cos(a− b)x− cos(a + b)x} .

(i) Použit́ım předchoźı poznámky dostaneme∫
sin ax cos bx dx = −1

2

{
cos(a + b)x

a + b
+

cos(a− b)x
a− b

}
+ C

∫
cos ax cos bx dx =

1
2

{
sin(a + b)x

a + b
+

sin(a− b)x
a− b

}
+ C∫

sin ax sin bx dx =
1
2

{
sin(a− b)x

a− b
− sin(a + b)x

a + b

}
+ C

Napǐste vzorce i pro b = ±a 6= 0.

(j) Užit́ım vzorc̊u z předchoźı poznámky dostaneme

cos x cos 2x cos 3x =
1
2
(cos 3x + cos x) cos 3x =

1
2

cos2 3x +
1
4
(cos 4x + cos 2x) =

=
1
4
(1 + cos 6x + cos 4x + cos 2x)

a odtud ∫
cos x cos 2x cos 3x dx =

1
4
x +

1
24

sin 6x +
1
16

sin 4x +
1
8

sin 2x + C.
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(k) Integrand nejdř́ıve uprav́ıme do vhodněǰśıho tvaru. Plat́ı

sin3 2x cos2 3x = sin 2x
1− cos 4x

2
· 1 + cos 6x

2
=

=
1
4

sin 2x{1− cos 4x + cos 6x− cos 4x cos 6x} =

=
1
4

sin 2x{1− cos 4x + cos 6x− 1
2
(cos 10x + cos 2x)} =

=
1
4

sin 2x− 1
8

sin 6x+
1
8

sin 2x+
1
8

sin 8x− 1
8

sin 4x− 1
16

sin 12x+
1
16

sin 8x− 1
16

sin 4x =

=
3
8

sin 2x− 3
16

sin 4x− 1
8

sin 6x +
3
16

sin 8x− 1
16

sin 12x.

Odtud plyne, že∫
sin3 2x cos2 3x dx = − 3

16
cos 2x+

3
64

cos 4x+
1
48

cos 6x− 3
128

cos 8x+
1

192
cos 12x+C.

Poznámka: V př́ıkladech 14(i),(j),(k) spočteme (konečnou) Fourierovu řadu integro-
vané funkce a tu pak integrujeme člen po členu. Každá funkce tvaru cosj kx cosl mx,
cosj kx sinl mx, sinj kx sinl mx, j, k, l, m ∈ N, má konečný Fourier̊uv rozvoj, který lze
spoč́ıtat postupem z př́ıkladu 14(k). Obecněji: Každá funkce tvaru Pn(sinx, cos x), kde
Pn je polynom ve dvou proměnných, má konečný Fourier̊uv rozvoj. Co to je Fourierova
řada, se dozv́ıte později.

(l) Je-li a− b = 2kπ pro k ∈ Z, potom plat́ı sin(x + a) = sin(x + b), a tedy∫
dx

sin(x + a) sin(x + b)
= −cotg(x + a) + C.

Analogicky pro a− b = (2k + 1)π, k ∈ Z, plat́ı sin(x + a) = − sin(x + b), a tedy∫
dx

sin(x + a) sin(x + b)
= cotg(x + a) + C.

Jestliže je a− b 6= kπ (k ∈ Z, potom je

cotgu− cotgv =
cos u sin v − cos v sinu

sinu sin v
=

sin(v − u)
sinu sin v

a tedy

cotg(x + a)− cotg(x + b) =
sin(b− a)

sin(x + a) sin(x + b)

a odtud∫
dx

sin(x + a) sin(x + b)
=

1
sin(b− a)

∫
{cotg(x + a)− cotg(x + b)} dx =

1
sin(b− a)

ln
∣∣∣∣ sin(x + a)
sin(x + b)

∣∣∣∣+ C.

Poznámka: Na tento integrál lze převézt i integrály∫
dx

cos(x + a) cos(x + b)
,

∫
dx

sin(x + a) cos(x + b)
,

poněvadž cos α = sin
(

π
2 − α

)
a funkce sin je lichá (viz též návod k př́ıklad̊um 19(m),(n)).
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15. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = cos3 x,
[
sinx− 1

3 sin3 x
]

(b) f(x) = sin3 x,
[
− cos x + 1

3 cos3 x
]

(c) f(x) = sin2 x,
[
1
2x− 1

4 sin 2x
]

(d) f(x) = cos2 x,
[
1
2x + 1

4 sin 2x
]

(e) f(x) = sin3 x cos2 x,
[
1
5 cos5 x− 1

3 cos3 x
]

(f) f(x) = sin3 x cos4 x,
[
1
7 cos7 x− 1

5 cos5 x
]

(g) f(x) = sin8 x cos3 x,
[
1
9 sin9 x− 1

11 sin11 x
]

(h) f(x) = cos5 x,
[
sinx− 2

3 sin3 x + 1
5 sin5 x

]
(i) f(x) = sin5 x cos5 x,[

1
6 sin6 x− 1

4 sin8 x + 1
10 sin10 x = 1

120 −
1
64 (cos 2x− 2

3 cos3 2x + 1
5 cos5 2x)

]
(j) f(x) = sin7 2x cos5 2x,[

1
16 sin8 2x− 1

10 sin10 2x + 1
24 sin12 2x; zkuste též substituci t = cos 2x

]
(k) f(x) = sin6 x,

[
5
16x− 1

4 sin 2x + 3
64 sin 4x + 1

48 sin3 2x
]

(l) f(x) = cos6 x,
[

5
16x + 1

4 sin 2x + 3
64 sin 4x− 1

48 sin3 2x
]

(m) f(x) = cos3 x cos 2x,
[
sinx− sin3 x + 2

5 sin5 x
]

(n) f(x) = cos2 3x sinx,[
24
5 cos5 x− 16

7 cos7 x− 3 cos3 x; užijte vyjádřeńı cos 3x = 4 cos3 x− 3 cos x
]

16. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = sin3 x
cos4 x ,

[
1

3 cos3 x −
1

cos x

]
(b) f(x) = cos3 x

sin5 x
,

[
1

2 sin2 x
− 1

4 sin4 x

]
(c) f(x) = cos5 x

sin3 x
,

[
1
2 sin2 x− ln sin2 x− 1

2 sin2 x

]
(d) f(x) = sin4 x

cos x ,
[

1
2 ln 1+sin x

1−sin x −
1
3 sin3 x− sinx

]
(e) f(x) = 1

sin x cos2 x ,
[

1
cos x + 1

2 ln 1−cos x
1+cos x

]
(f) f(x) = 1

sin x cos3 x ,
[

1
2 cos2 x + ln |tg x|

]
(g) f(x) = 1

cos x sin3 x
,

[
− 1

2 sin2 x
+ ln |tg x|

]
(h) f(x) = 1

cos4 x sin x ,
[

1
cos x + 1

3 cos3 x + 1
2 ln 1−cos x

1+cos x

]
(i) f(x) = 1

cos3 x ,
[

1
4

{
ln 1+sin x

1−sin x + 2 sin x
cos2 x

}]
(j) f(x) = 1

sin3 x
,

[
1
4

{
ln 1−cos x

1+cos x −
2 cos x
sin2 x

}]
(k) f(x) = 1

sin2 x cos3 x
,

[
3
4 ln 1+sin x

1−sin x −
1

sin x + sin x
2 cos2 x

]
(l) f(x) = 1

cos3 x sin3 x
,

[
2 ln |tg x| − 1

2 sin2 x
+ 1

2 cos2 x

]
(m) f(x) = 1

cos5 x sin3 x
,[

3 ln |tg x|+ 1
cos2 x + 1

4 cos4 x −
1

2 sin2 x
; srovnejte substituce t = sinx a t = tg x

]
(n) f(x) = sin 2x

cos3 x ,
[

2
cos x

]
(o) f(x) = sin 3x

cos x ,
[
ln | cos x| − 2 cos2 x; vyjádřete sin 3x pomoćı sin x a cos x

]
(p) f(x) = cos 3x

sin5 x
,

[
3

2 sin2 x
− 1

4cotg4x; vyjádřete cos 3x pomoćı sin x a cos x
]
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(q) f(x) = cos2 x
sin 4x ,

[
1
8 {ln |tg 2x|+ ln |tg x|}

]
(r) f(x) = 1

(2+cos x) sin x ,
[

1
6 ln (2+cos x)2(1−cos x)

(1+cos x)3

]
17. Vypočtěte

∫
f(x) dx, je-li

(a) f(x) = sin4 x
cos6 x ,

[
1
5 tg5x

]
(b) f(x) = 1

sin4 x
,

[
− 1

3cotg3x− cotg x
]

(c) f(x) = 1
sin2 x cos4 x

,
[
1
3 tg3x + 2tg x− cotg x

]
(d) f(x) = sin4 x

cos10 x ,
[
1
5 tg5x + 2

7 tg7x + 1
9 tg9x

]
(e) f(x) = 1

4−3 cos2 x+5 sin2 x
,

[
1
3arctg (3tg x)

]
(f) f(x) = 1

1+sin2 x
,

[
1√
2
arctg (

√
2 tg x)

]
(g) f(x) = tg5x,

[
1
4 tg4x− 1

2 tg2x− ln | cos x|
]

(h) f(x) = cotg4x,
[
x + cotg x− 1

3cotg3x
]

(i) f(x) = tg6x,
[
1
5 tg5x− 1

3 tg3x + tg x− x
]

(j) f(x) = cotg6x,
[
x− cotg x + 1

3cotg3x− 1
5cotg5x

]
(k) f(x) = 1

tg8x ,
[
− 1

7cotg7x + 1
5cotg5x− 1

3cotg3x + cotg x + x
]

(l) f(x) = 1
1+tg x ,

[
1
2{x + ln | sinx + cos x|}

]
(m) f(x) = 1

3+5tg x ,
[

1
34{3x + 5 ln |5 sinx + 3 cos x|}

]
(n) f(x) = sin2 x

1+sin2 x
,

[
x− 1√

2
arctg (

√
2 tg x)

]

Poznámky: (1.) Výsledky př́ıklad̊u (e) a (f) lze ”slepit“ na primitivńı funkci v celém R.

(2.) V př́ıkladech (l) a (m) je výsledek funkce spojitá v bodech (2k + 1) π
2 , k ∈ Z, nebot’

v těchto bodech lze zadanou funkci spojitě dodefinovat nulou.

18. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 1
a2 sin2 x+b2 cos2 x

, ab 6= 0,
[

1
abarctg (a

b tg x)
]

(b) f(x) = 1
tg x cos 2x ,

[
ln | sinx| − 1

2 ln | cos 2x|
]

(c) f(x) = 1
1−sin4 x

,
[

1
2 tg x + 1

2
√

2
arctg (

√
2 tg x)

]
(d) f(x) = 1

sin2 x+tg2x
,

[
− 1

2cotg x− 1
2
√

2
arctg tg x√

2

]
(e) f(x) = cos4 x+sin4 x

cos2 x−sin2 x
,

[
1
4

{
sin 2x + ln

∣∣tg (x + π
4

)∣∣}]
(f) f(x) = 1

cos4 x+sin4 x
,

[
1√
2
arctg tg 2x√

2

]
(g) f(x) = sin2 x−cos2 x

cos4 x+sin4 x
,

[
1

2
√

2
ln

√
2−sin 2x√
2+sin 2x

]
(h) f(x) = 1

cos6 x+sin6 x
,

[
arctg tg 2x

2

]
(i) f(x) = sin2 x

1−tg x ,
[
1
4

{
cos2 x− sinx cos x− ln | cos x− sinx|

}
;

lze též už́ıt identitu 4 sin2 x cos x = cos x + sinx− (sin 2x + cos 2x)(cos x− sinx)
]

(j) f(x) = 2 sin x+3 cos x
sin2 x cos x+9 cos3 x

,
[
arctg tg x

3 + ln(tg2x + 9)
]

(k) f(x) = sin x
sin3 x+cos3 x

,
[

1
6 ln 1−sin x cos x

(sin x+cos x)2 + 1√
3
arctg 2 sin x−cos x√

3 cos x

]
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(l) f(x) = cos x
sin3 x−cos3 x

,
[

1
3 ln | sin x−cos x|√

1+sin x cos x
− 1√

3
arctg 2 sin x+cos x√

3 cos x

]
(m) f(x) = 1

(sin2 x+2 cos2 x)2
,

[
1
8

{
3
√

2 arctg tg x√
2
− sin 2x

1+cos2 x

}]
(n) f(x) = cos2 x

sin x cos 3x ,
[

1
2 ln

∣∣∣ sin2 x cos x
cos 3x

∣∣∣]
(o) f(x) = 1

(a sin x+b cos x)2 , a 6= 0,
[
− 1

a
cos x

a sin x+b cos x

]
19. Vypočtěte

∫
f(x) dx, je-li

(a) f(x) = sin 5x cos x,
[
− 1

12 cos 6x− 1
8 cos 4x

]
(b) f(x) = sin 2x cos 4x,

[
1
4 cos 2x− 1

12 cos 6x
]

(c) f(x) = cos x cos 4x,
[

1
10 sin 5x + 1

6 sin 3x
]

(d) f(x) = sin x sin 3x,
[
1
4 sin 2x− 1

8 sin 4x
]

(e) f(x) = sin(3x + 2) cos(x− 1),
[
− 1

8 cos(4x + 1)− 1
4 cos(2x + 3)

]
(f) f(x) = sin2 x cos(3x + 1),

[
1
6 sin(3x + 1)− 1

20 cos(5x + 1)− 1
4 sin(x + 1)

]
(g) f(x) = cos2 ax cos2 bx, [

1
4x + 1

8a sin 2ax + 1
8b sin 2bx + 1

16(a+b) sin 2(a + b)x+

+ 1
16(a−b) sin 2(a− b)x, ab(a2 − b2) 6= 0

]
(h) f(x) = cos x cos 3x cos 5x,

[
1
36 sin 9x + 1

28 sin 7x + 1
12 sin 3x + 1

4 sinx
]

(i) f(x) = sin x sin 2x sin 3x,
[
− 1

8 cos 2x− 1
16 cos 4x + 1

24 cos 6x
]

(j) f(x) = sin x sin x
2 sin x

3 ,
[

3
2 cos x

6 + 3
22 cos 11x

6 − 3
10 cos 5x

6 − 3
14 cos 7x

6

]
(k) f(x) = sin x sin(x + a) sin(x + b),[

1
12 cos(3x + a + b)− 1

2 cos a cos(x + b)− 1
4 cos(x + a− b)

]
(l) f(x) = 1

sin x+cos x ,
[

1√
2

ln
∣∣tg (x

2 + π
8

)∣∣]
(m) f(x) = 1

sin(x+a) cos(x+b) ,
[

1
cos(a−b) ln

∣∣∣ sin(x+a)
cos(x+b)

∣∣∣ , cos(a− b) 6= 0;

užijte vztah tg u + cotg u = cos(u−v)
cos u sin v . Co dostaneme pro cos(a− b) = 0?

]
(n) f(x) = 1

cos(x+a) cos(x+b) ,
[

1
sin(a−b) ln

∣∣∣ cos(x+b)
cos(x+a)

∣∣∣ , sin(a− b) 6= 0;

užijte vztah tg u− tg v = sin(u−v)
cos u cos v . Jaký je výsledek pro sin(a− b) = 0?

]
(o) f(x) = 1

sin x−sin a ,
[

1
cos a ln

∣∣∣ sin x−a
2

cos x+a
2

∣∣∣ , užijte vzorec pro sinα− sinβ a př́ıklad (m).

Vypočtěte též pro a = (2k + 1)π
2 , k ∈ Z.

]
(p) f(x) = 1

cos x+cos a ,
[

1
sin a ln

∣∣∣ cos x−a
2

cos x+a
2

∣∣∣ , užijte vzorec pro cos α + cos β a př́ıklad (n).

Vypočtěte též pro a = kπ, k ∈ Z.]

(q) f(x) = tg x tg(x + a),
[
cotg a ln

∣∣∣ cos x
cos(x+a)

∣∣∣− x; ukažte, že

tg x tg(x + a) = cos a
cos x cos(x+a) − 1 a užijte př́ıklad (n). Řešte též pro a = kπ, k ∈ Z.

]
(r) f(x) = cotg x cotg(x + a),

[
−cotg a ln

∣∣∣ sin(x+a)
sin x

∣∣∣− x; ukažte, že

cotg x cotg(x + a) = cos a
sin x sin(x+a) − 1 a užijte př́ıklad 14(l).

Řešte též pro a = kπ, k ∈ Z.
]
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20. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 1
a sin x+b cos x , ab 6= 0, (b) f(x) = 1

2 sin x−cos x+5 ,

(c) f(x) = 1
1+ε cos x , ε > 0, (d) f(x) = α sin x+β cos x

a sin x+b cos x , ab 6= 0,

(e) f(x) = sin x−cos x
sin x+2 cos x , (f) f(x) = α sin x+β cos x+γ

a sin x+b cos x+c ,

(g) f(x) = 2 sin x+cos x
3 sin x+4 cos x−2 , (h) f(x) = α sin2 x+β sin x cos x+γ cos2 x

a sin x+b cos x , ab 6= 0,

(i) f(x) = sin2 x−sin x cos x+2 cos2 x
sin x+2 cos x , (j) f(x) = α sin x+β cos x

(a sin x+b cos x)2 , ab 6= 0

(k) f(x) = 1
(1+ε cos x)2 , 0 < ε < 1, (l) f(x) = sin x+cos x

2 sin2 x−4 sin x cos x+5 cos2 x
.

Řešeńı:

(a) Do daného integrálu zavedeme substituci tgx
2 = t. Nyńı plat́ı

dx

2 cos2 x
2

= dt ⇒ dx = 2 cos2
x

2
dt =

2dt

t2 + 1
,

cos x = 2 cos2
x

2
− 1 =

2
t2 + 1

− 1 =
1− t2

t2 + 1
,

sinx = 2 sin
x

2
cos

x

2
= 2tg

x

2
cos2

x

2
=

2t

t2 + 1
.

Dosazeńım do integrálu dostaneme∫
dx

a sinx + b cos x
= 2

∫
dt

t2+1

2at
t2+1 + b(1−t2)

t2+1

= 2
∫

dt

−bt2 + 2at + b
.

Polož́ıme-li bt2 − 2at − b = 0, dostaneme kořeny t1 = a+
√

a2+b2

b , t2 = a−
√

a2+b2

b ,
(t1t2 = −1), a tedy

2
−bt2 + 2at + b

=
− 2

b

t2 − 2a
b t− 1

=
A

t− t1
+

B

t− t2
,

neboli
−2

b
= A(t− t2) + B(t− t1)

a odtud

A + B = 0, At2 + Bt1 =
2
b

⇒ A = − 2
b(t2 − t1)

, B =
2

b(t1 − t2)
,

tud́ıž
A = − 1√

a2 + b2
B =

1√
a2 + b2

.

Je tedy∫
dx

a sinx + b cos x
=

1√
a2 + b2

ln
∣∣∣∣ t− t2
t− t1

∣∣∣∣+ C =
1√

a2 + b2
ln
∣∣∣∣ tgx

2 − t2

tgx
2 − t1

∣∣∣∣+ C.

Poznámka: Předchoźı výpočet je u těchto typ̊u integrál̊u trochu zdlouhavý. Rychleǰśı
cesta vede přes vyjádřeńı jmenovatele pomoćı funkce sin. Plat́ı

a sinx + b cos x =
√

a2 + b2

{
a√

a2 + b2
sinx +

b√
a2 + b2

cos x

}
=
√

a2 + b2 sin(x + ϕ),
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kde
cos ϕ =

a√
a2 + b2

, sinϕ =
b√

a2 + b2
.

Tato dvojice rovnost́ı určuje ϕ jednoznačně v množině
(
0, π

2

)
∪
(

π
2 , π

)
∪
(
π, 3π

2

)
∪
(

3π
2 , 2π

)
.

Odtud plyne, že∫
dx

a sinx + b cos x
=

1√
a2 + b2

ln
∣∣∣tg (π

2
+

ϕ

2

)∣∣∣+ C =
1√

a2 + b2
ln
∣∣∣∣ tgx

2 + tgϕ
2

1− tgx
2 tgϕ

2

∣∣∣∣+ C,

kde sgn tgϕ
2 urč́ıme podle kvadrantu, v němž lež́ı úhel ϕ a

∣∣∣tgϕ

2

∣∣∣ =√1− cos ϕ

1 + cos ϕ
=

√√
a2 + b2 − a√
a2 + b2 + a

=
√

a2 + b2 − a

|b|
.

Odtud t1 = −tgϕ
2 , t2 = cotgϕ

2 = − 1
t1

a∫
dx

a sinx + b cos x
=

1√
a2 + b2

ln
∣∣∣∣ tgx

2 − t1

tgx
2 − t2

∣∣∣∣+ C.

(b) Plat́ı∫
dx

2 sinx− cos x + 5
=

∣∣∣∣∣ tgx
2 = t

dx = 2 dt
t2+1

∣∣∣∣∣ = 2

∫
dt

t2+1

4t
t2+1 −

1−t2

t2+1 + 5
= 2

∫
dt

6t2 + 4t + 4
=

=
1
3

∫
dt

t2 + 2
3 t + 2

3

=
1
3

∫
dt(

t + 1
3

)2 + 5
9

=
3
5

∫
dt(

3t+1√
5

)2

+ 1
=

1√
5
arctg

3tgx
2 + 1
√

5
+ C.

(c) Označme I =
∫

dx
1+ε cos x .

i. Je-li ε = 1, potom

I =
∫

dx

1 + cos x
=

1
2

∫
dx

cos2 x
2

= tg
x

2
+ C.

Pro daľśı hodnoty ε zavedeme substituci tg x
2 = t, takže dostaneme∫

dx

1 + ε cos x
= 2

∫
dt

t2+1

1 + ε−εt2

t2+1

= 2
∫

dt

(1− ε)t2 + 1 + ε
.

ii. Bud’ 0 < ε < 1. Potom je

I =
2

1 + ε

∫
dt

1−ε
1+ε t2 + 1

=
2√

1− ε2
arctg

(√
1− ε

1 + ε
tg

x

2

)
+ C.

iii. Necht’ je ε > 1. Potom užit́ım vzorce∫
dt

1− t2
=

1
2

ln
∣∣∣∣1 + t

1− t

∣∣∣∣+ C

dostaneme

I =
2

1 + ε

∫
dt

1− ε−1
ε+1 t2

=
1

1 + ε

√
ε + 1
ε− 1

ln

∣∣∣∣∣∣
1 + t

√
ε−1
ε+1

1− t
√

ε−1
ε+1

∣∣∣∣∣∣+ C =
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=
1√

ε2 − 1
ln
∣∣∣∣√ε + 1 + t

√
ε− 1√

ε + 1− t
√

ε− 1

∣∣∣∣+ C =

=
1√

ε2 − 1
ln

∣∣∣∣∣ (ε + 1) + 2t
√

ε2 − 1 + (ε− 1)t2

ε + 1− (ε− 1) t2

∣∣∣∣∣+ C =

=
1√

ε2 − 1
ln

∣∣∣∣∣∣
1+ε
t2+1 + (ε−1)t2

t2+1 +
√

ε2 − 1 2t
t2+1

1+ε
t2+1 −

(ε−1)t2

t2+1

∣∣∣∣∣∣+ C =

=
1√

ε2 − 1
ln

∣∣∣∣∣ 1+ε
2 (1 + cos x) + ε−1

2 (1− cos x) +
√

ε2 − 1 sinx
1+ε
2 (1 + cos x)− ε−1

2 (1− cos x)

∣∣∣∣∣+ C =

=
1√

ε2 − 1
ln

∣∣∣∣∣ε + cos x +
√

ε2 − 1 sinx

1 + ε cos x

∣∣∣∣∣+ C

Poznámka: Za povšimnut́ı stoj́ı skutečnost, že daný integrál spojitě záviśı na pa-
rametru ε, i když se výsledky pro 0 < ε < 1 a ε > 1 formálně dosti lǐśı. Ověřte si,
že

lim
ε→1−

∫
dx

1 + ε cos x
= lim

ε→1+

∫
dx

1 + ε cos x
= tg

x

2
.

Integračńı konstanty pokládáme všude rovny 0. Analogicky lim
ε→0+

∫
dx

1+ε cos x = x.

(d) Čitatel v integrandu naṕı̌seme nejdř́ıve ve tvaru

α sinx + β cos x = A{a sinx + b cos x}+ B{a cos x− b sinx},
jmenovatel derivace čitatele

kde A a B jsou zat́ım neznámá č́ısla. Srovnáńım koeficient̊u u sinx a cos x, což jsou
lineárně nezávislé funkce, dostaneme

sinx : α = Aa −Bb
cos x : β = Ab +Ba.

Źıskaná soustava má jediné řešeńı právě když a2 + b2 6= 0 (determinant soustavy)
a řešeńı má tvar

A =
1

a2 + b2

∣∣∣∣ α −b
β a

∣∣∣∣ = αa + βb

a2 + b2
; B =

1
a2 + b2

∣∣∣∣ a α
b β

∣∣∣∣ = βa− αb

a2 + b2
.

Odtud plyne, že∫
α sinx + β cos x

a sinx + b cos x
dx = Ax + B ln |a sinx + b cos x|+ K

Poznámky: (1.) Výše popsaná úprava ukazuje, že v tomto typu integrálu se můžeme
dokonce vyhnout zavedeńı univerzálńı substituce tgx

2 = t. Pomoćı ńı dostaneme∫
α sinx + β cos x

a sinx + b cos x
dx =

∫
2(βt2 − 2αt− β) dt

(bt2 − 2at− b)(t2 + 1)
= (∗)

= 2A arctg t + B ln
|bt2 − 2at− b|

t2 + 1
= 2A arctg

(
tg

x

2

)
+ B ln |a sinx + b cos x|,

kde A a B jsou konstanty, vypočtené v řešeńı př́ıkladu (d). Jediné dva problémy jsou
tedy
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i. technický, tj. provedeńı rovnosti označené (∗) (zkontrolujte) a
ii. ”slepeńı“ funkce 2Aarctg

(
tgx

2

)
(definované v R − {(2k + 1)π, k ∈ Z}) na výraz

Ax. Je to pochopitelné - integrál z př́ıkladu (d) je formulován tak, aby bylo vhodné
použ́ıt substituci t = a sinx + b cos x.

(2.) Př́ımé použit́ı univerzálńı substituce t = tgx
2 může obecně vést ke složitým in-

tegrál̊um z racionálńı lomené funkce P (t)
Q(t) . Je-li tato funkce ryze lomená, lze pomoćı

Ostrogradského metody psát∫
P (t)
Q(t)

dt =
P̃ (t)

Q̃(t)
+
∫

P1(t)
Q1(t)

dt,

kde Q1 je součin všech kořenových činitel̊u polynomu Q(t), Q̃(t) = Q(t)
Q1(t)

a funkceeP (t)eQ(t)
, P1(t)

Q1(t)
jsou ryze lomené. Rozlož́ıme-li P1(t)

Q1(t)
na součet parciálńıch zlomk̊u, je třeba

vypoč́ıtat integrály∫
dt

t− α
=

∣∣∣∣∣ t = tgx
2

dt = dx
2 cos2 x

2

∣∣∣∣∣ =
∫

dx

sinx− α(1 + cos x)
,

∫
dt

t2 + pt + q
=
∫

dx

1− cos x + p sinx + q(1 + cos x)
.

V následuj́ıćıch př́ıkladech se budeme snažit daný integrál vhodnou úpravou a následnou

substitućı bud’ vypoč́ıtat př́ımo nebo alespoň převést na integrál typu

∫
dx

a sin x+b cos x+c ,

kde je užit́ı substituce t = tgx
2 efektivńı - srovnejte s př́ıkladem (f).

(e) Dosad́ıme-li α = 1, β = −1, a = 1, b = 2 do vzorce z předchoźıho př́ıkladu, dosta-
neme ∫

sinx− cos x

sinx + 2 cos x
dx =

1
5
{x + 3 ln | sinx + 2 cos x|}+ K.

(f) Čitatele v integrandu uprav́ıme nejdř́ıve do tvaru

α sinx + β cos x + γ = A{a sinx + b cos x + c} +B{a cos x− b sinx} +C
jmenovatel derivace jmenovatele

kde A, B, C jsou zat́ım neurčená č́ısla. Srovnáńım koeficient̊u u funkćı sinx a cos x
(jde o nezávislé funkce) dostaneme soustavu

sinx : α = Aa −Bb
cos x : β = Ab +Ba

1 : γ = Ac +C,

jej́ıž determinant je ∣∣∣∣∣∣
a −b 0
b a 0
0 0 1

∣∣∣∣∣∣ = a2 + b2 6= 0.

pomoćı Cramerova pravidla má tedy řešeńı

A =
1

a2 + b2

∣∣∣∣∣∣
α −b 0
β a 0
γ 0 1

∣∣∣∣∣∣ = αa + βb

a2 + b2
, B =

1
a2 + b2

∣∣∣∣∣∣
a α 0
b β 0
0 γ 1

∣∣∣∣∣∣ = βa− αb

a2 + b2
,
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C =
1

a2 + b2

∣∣∣∣∣∣
a −b α
b a β
0 0 γ

∣∣∣∣∣∣ = γ − c(αa + βb)
a2 + b2

.

Daný integrál můžeme nyńı přepsat do tvaru∫
α sinx + β cos x + γ

a sinx + b cos x + c
dx = Ax + B ln |a sinx + b cos x + c|+ C

∫
dx

a sinx + b cos x + c
.

Jestliže do zbývaj́ıćıho integrálu zavedeme substituci tgx
2 = t, dostaneme

I =
∫

dx

a sinx + b cos x + c
= 2

∫
dt

(c− b)t2 + 2at + b + c

a výpočet tohoto integrálu při konkrétńıch hodnotách a, b, c je snadný:

i. je-li b = c, a = 0, pak b 6= 0 a I = 1
b tgx

2 ,

ii. je-li b = c, a 6= 0, je I = 1
a ln |atgx

2 + b|.
iii. Bud’ nyńı b 6= c a D = a2 + b2 − c2 diskriminant kvadratického trojčlenu

(∗) c− b

2
t2 + at +

b + c

2
.

A. Je-li D < 0 (tj. př́ımka ax + by + c = 0 je nesečna jednotkové kružnice
x2 + y2 = 1), pak

I =
2√

c2 − a2 − b2
arctg

(c− b)tgx
2 + a

√
c2 − a2 − b2

.

B. Je-li D = 0 (tečna), pak I = 2
(c−b)tg x

2 +a .

C. Je-li D > 0 (sečna) a t1 < t2 kořeny trojčlenu (∗), pak

I =
2

(c− b)(t2 − t1)
ln
∣∣∣∣ tgx

2 − t2

tgx
2 − t1

∣∣∣∣ .
Tuto funkci lze zapsat ve tvaru

I = K ln
∣∣∣∣α1 sinx + β1 cos x + γ1

α2 sinx + β2 cos x + γ2

∣∣∣∣ ,
ovšem tento zápis je praktický jen tehdy, maj́ı-li dva ze tř́ı polynomů
(t− t1)2, (t− t2)2, (t− t1)(t− t2) ”hezké ” koeficienty (tj. nejlépe racionálńı).

(g) Dosad́ıme-li α = 2, β = 1, γ = 0, a = 3, b = 4, c = −2 do vzorce z předchoźıho
př́ıkladu, dostaneme∫

(2 sinx + cos x) dx

3 sinx + 4 cos x− 2
=

2
5
x− 1

5
ln |3 sinx + 4 cos x− 2|+ 4

5

∫
dx

3 sinx + 4 cos x− 2
.

Dále ∫
dx

3 sinx + 4 cos x− 2
=

∣∣∣∣∣ tgx
2 = t

dx = 2 dt
t2+1

∣∣∣∣∣ = 2
∫

dt

6t + 4(1− t2)− 2(t2 + 1)
=

= 2
∫

dt

−6t2 + 6t + 2
= −1

3

∫
dt

t2 − t− 1
3

.

Řešeńım rovnice t2 − t− 1
3 = 0 dostaneme dvojici kořen̊u

t1 =
1
2

(
1 +

√
7√
3

)
, t2 =

1
2

(
1 +

√
7√
3

)
.
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Dále plat́ı
− 1

3

t2 − t− 1
3

=
A

t− t1
+

B

t− t2
.

Srovnáńım koeficient̊u u stejných mocnin t dostaneme soustavu

0 = A +B
1
3 = At2 +Bt1

s řešeńım A = − 1√
21

, B = 1√
21

. Tedy∫
dx

3 sinx + 4 cos x− 2
=

1√
21

ln
∣∣∣∣ t− t2
t− t1

∣∣∣∣+ K =

1√
21

ln

∣∣∣∣∣∣
tg x

2 −
1
2

(
1−

√
7√
3

)
tg x

2 −
1
2

(
1 +

√
7√
3

)
∣∣∣∣∣∣+ K =

1√
21

ln

∣∣∣∣∣
√

3(2tgx
2 − 1) +

√
7

√
3(2tgx

2 − 1)−
√

7

∣∣∣∣∣+ K

a výsledně ∫
(2 sinx + cos x) dx

3 sinx + 4 cos x− 2
=

=
2
5
x− 1

5
ln |3 sinx + 4 cos x− 2|+ 4

5
√

21
ln

∣∣∣∣∣
√

3(2tgx
2 − 1) +

√
7

√
3(2tgx

2 − 1)−
√

7

∣∣∣∣∣+ K.

Rozmyslete si, že zlomek
tg x

2 +
√

7−
√

3
2
√

3

tg x
2−

√
7+
√

3
2
√

3

lze upravit do tvaru α1 sin x+β1 cos x+γ1
α2 sin x+β2 cos x+γ2

, ale některé

koeficienty v tomto zápisu budou ”ošklivé ”.

(h) Čitatel v integrandu se pokuśıme rozložit do tvaru

α sin2 x+β sinx cos x+γ cos2 x = A cos x(a sinx+b cos x)+B sinx(a sinx+b cos x)+C.

Poněvadž jsou funkce 1, sin 2x, cos 2x lineárně nezávislé, můžeme obě strany rovnosti
pomoćı těchto funkćı vyjádřit a srovnat koeficienty. Plat́ı

α

2
(1− cos 2x) +

β

2
sin 2x +

γ

2
(1 + cos 2x) =

=
Aa + Bb

2
sin 2x +

Ab

2
(1 + cos 2x) +

Ba

2
(1− cos 2x) + C.

Tedy
cos 2x : −α + γ = Ab −Ba
sin 2x : β = Aa +Bb

1 : α + γ = Ab +Ba +C.

Determinant této soustavy algebraických rovnic jhe∣∣∣∣∣∣
b −a 0
a b 0
b a 1

∣∣∣∣∣∣ = a2 + b2 6= 0;

Tato soustava má tedy řešeńı

A =
1

a2 + b2

∣∣∣∣∣∣
−α + γ −a 0

β b 0
α + γ a 1

∣∣∣∣∣∣ = βa + γb− αb

a2 + b2
,
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B =
1

a2 + b2

∣∣∣∣∣∣
b −α + γ 0
a β 0
b α + γ 1

∣∣∣∣∣∣ = βb + αa− γa

a2 + b2
,

C =
1

a2 + b2

∣∣∣∣∣∣
b −a −α + γ
a b β
b a α + γ

∣∣∣∣∣∣ = 2(αb2 − βab + γa2)
a2 + b2

.

Plat́ı tedy∫
α sin2 x + β sinx cos x + γ cos2 x

a sinx + b cos x
dx = A sinx−B cos x + C

∫
dx

a sinx + b cos x
=

= A sinx−B cos x +
C√

a2 + b2
ln
∣∣∣tg (x

2
+

ϕ

2

)∣∣∣+ K,

kde cos ϕ = a√
a2+b2

, sinϕ = b√
a2+b2

podle př́ıkladu 20(a).

(i) Dosazeńım α = −β = a = 1, γ = b = 2 do výsledku př́ıkladu (h) dostaneme

I =
∫

sin2 x− sinx cos x + 2 cos2 x

sinx + 2 cos x
dx =

3
5

cos x +
1
5

sinx +
8
5

∫
dx

sinx + 2 cos x
=

=
3
5

cos x +
1
5

sinx +
8

5
√

5

∫
dx

sin(x + ϕ)
,

kde cos ϕ = 1√
5
, sinϕ = 2√

5
, tedy tg ϕ = 2 a ϕ = arctg 2. Výsledně dostaneme

I =
3
5

cos x +
1
5

sinx +
8

5
√

5
ln
∣∣∣∣tg(x

2
+

arctg 2
2

)∣∣∣∣+ K.

Poznámka: Jestliže do integrálu
∫

dx
sin x+2 cos x zavedeme substituci tgx

2 = t, dostaneme∫
dx

sinx + 2 cos x
=

1√
5

ln

∣∣∣∣∣2 tgx
2 − 1 +

√
5

2 tgx
2 − 1−

√
5

∣∣∣∣∣+ C

a pro tyto výsledky muśı platit

ln

∣∣∣∣∣2 tgx
2 − 1 +

√
5

2 tgx
2 − 1−

√
5

∣∣∣∣∣ = ln
∣∣∣∣tg(x

2
+

arctg 2
2

)∣∣∣∣+ K.

Užit́ım součtového vzorce pro funkci tangens lze ukázat, že

tg
(

x

2
+

arctg 2
2

)
= −

√√
5 + 1√
5− 1

·
2 tgx

2 − 1 +
√

5

2 tgx
2 − 1−

√
5
,

pokud x 6= (2k+1)π−arctg 2, x 6= (2k+1)π, k ∈ Z. Odtud plyne, že K = 1
2 ln

√
5−1√
5+1

.

(j) Uprav́ıme-li čitatel integrandu jako v př́ıkladu (d), dostáváme∫
α sinx + β cos x

(a sinx + b cos x)2
dx = B

∫
a cos x− b sinx

(a sinx + b cos x)2
dx + A

∫
dx

a sinx + b cos x
=

− B

a sinx + b cos x
+

A√
a2 + b2

ln
∣∣∣tg (x

2
+

ϕ

2

)∣∣∣+ K,

kde
A =

αa + βb

a2 + b2
, B =

βa− αb

a2 + b2
, cosϕ =

a√
a2 + b2

, sinϕ =
b√

a2 + b2
.

(Viz př́ıklad (d) a poznámka k př́ıkladu (a)).
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(k) Je

I =
∫

dx

(1 + ε cos x)2
=

∣∣∣∣∣ tg x
2 = t

dx = 2 dt
t2+1

∣∣∣∣∣ = 2
∫ dt

t2+1{
1 + ε(1−t2)

t2+1

}2 = 2
∫

(t2 + 1)dt

{(1− ε)t2 + 1 + ε}2
.

Pro vhodná A, B, C, D ∈ R plat́ı∫
2(t2 + 1)dt

{(1− ε)t2 + 1 + ε}2
=

At + B

(1− ε)t2 + 1 + ε
+
∫

Ct + D

(1− ε)t2 + 1 + ε
dt.

Odtud zderivováńım a vynásobeńım výrazem {(1− ε)t2 + 1 + ε}2 dostaneme

2t2 + 2 = A{(1− ε)t2 + 1 + ε} − 2(1− ε)t(At + B) + (Ct + D){(1− ε)t2 + 1 + ε}.

porovnáńım koeficient̊u u stejných mocnin t dostaneme

t3; 0 = C
t2 : 2 = −(1− ε)A +(1− ε)D
t1 : 0 = B
t0 : 2 = (1 + ε)A +(1 + ε)D

tj.

−A + D =
2

1− ε
, A + D =

2
1 + ε

.

Odtud D = 2
1−ε2 , A = − 2ε

1−ε2 a tedy

I =
∫

2(t2 + 1)dt

{(1− ε)t2 + 1 + ε}2
= − ε

1− ε2
· 2t

(1− ε)t2 + 1 + ε
+

2
1− ε2

∫
dt

(1− ε)t2 + 1 + ε
=

=
2

(1− ε2)(1 + ε)
·
√

1 + ε

1− ε
arctg

(√
1− ε

1 + ε
t

)
− ε

1− ε2
· 2t

(1− ε)t2 + 1 + ε
+ K.

Protože
2tgx

2

(1− ε)tg2 x
2 + 1 + ε

=
2 sin x

2 cos x
2

(1− ε) sin2 x
2 + (1 + ε) cos2 x

2

=

=
sinx

1−ε
2 (1− cos x) + 1+ε

2 (1 + cos x)
=

sinx

1 + ε cos x
,

plyne odtud, že

I =
2√

(1− ε2)3
arctg

(√
1− ε

1 + ε
tg

x

2

)
− ε

1− ε2
· sinx

1 + ε cos x
+ K.

Primitivńı funkci v celém R źıskáme ”slepováńım“.

(l) Jmenovatel v integrandu je možno napsat ve dvou tvarech

2 sin2 x− 4 sinx cos x + 5 cos2 x = γ + (α sinx + β cos x)2 = c− (a sinx + b cos x)2

kde α, β, γ, a, b, c ∈ R jsou zat́ım neznámé koeficienty. Jestliže použijeme prvého
vyjádřeńı, dostaneme

2 sin2 x− 4 sinx cos x + 5 cos2 x = γ + α2 sin2 x + 2αβ sinx cos x + β2 cos2 x,

neboli

1− cos 2x− 2 sin 2x +
5
2
(1 + cos 2x) = γ +

α2

2
(1− cos 2x) + αβ sin 2x +

β2

2
(1 + cos 2x).
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Srovnáńım koeficient̊u dostaneme soustavu

α2

2
+

β2

2
+ γ =

7
2
; αβ = −2; −α2

2
+

β2

2
=

3
2
.

Z druhé rovnice plyne, že β = − 2
α a dosazeńım do třet́ı rovnice dostaneme

−α2 +
4
α2

= 3 neboli α4 + 3α2 − 4 = 0

s řešeńım α2 = 1, odtud α = 1, β = −2, γ = 1. Plat́ı tedy

2 sin2 x− 4 sinx cos x + 5 cos2 x = 1 + (sinx− 2 cos x)2.

Pro α = 1, β = 2, γ = 1 dostaneme stejný výsledek. Užit́ım druhého vyjádřeńı dosta-
neme soustavu

c− a2

2
− b2

2
=

7
2
, ab = 2,

a2

2
− b2

2
=

3
2

s řešeńım a = 2, b = 1, c = 6. Plat́ı tedy

2 sin2 x− 4 sinx cos x + 5 cos2 x = 6− (2 sinx + cos x)2.

V daľśım kroku přeṕı̌seme čitatel do tvaru

sinx + cos x = A(cos x + 2 sinx) + B(2 cos x− sinx).

V závorkách jsou derivace výraz̊u sin x− 2 cos x a 2 sin x+cos x. Srovnáńım koeficient̊u
dostaneme soustavu

2A−B = 1, A + 2B = 1

s řešeńım A = 3
5 , B = 1

5 . Plat́ı tedy∫
(sinx + cos x) dx

2 sin2 x− 4 sinx cos x + 5 cos2 x
=

3
5

∫
(cos x + 2 sinx) dx

1 + (sinx− 2 cos x)2
+

+
1
5

∫
(2 cos x− sinx) dx

6− (2 sinx + cos x)2
=

3
5

arctg (sinx− 2 cos x) +
1
3

∫
dt

6− t2

kde t = 2 sin x + cos x. Poněvadž je

1
6− t2

=
A√
6− t

+
B√
6 + t

,

plyne odtud

A−B = 0, A + B =
1√
6

s řešeńım A = B = 1
2
√

6
. Tedy výsledně∫

(sinx + cos x) dx

2 sin2 x− 4 sinx cos x + 5 cos2 x
=

=
3
5

arctg (sinx− 2 cos x) +
1

10
√

6
ln

∣∣∣∣∣
√

6 + t√
6− t

∣∣∣∣∣+ K =

=
3
5

arctg (sinx− 2 cos x) +
1

10
√

6
ln
√

6 + 2 sinx + cos x√
6− 2 sinx− cos x

+ K.
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Poznámky: (1.) Předvedený postup výpočtu je poměrně dlouhý. Př́ımý výpočet pomoćı
substituce t = tg x

2 neńı ovšem kratš́ı.∫
(sinx + cos x) dx

2 sin2 x− 4 sinx cos x + 5 cos2 x
=
∫

−2(t2 − 2t− 1) dt

5t4 + 8t3 − 2t2 − 8t + 5
.

Rovnici
(∗) 5t4 + 8t3 − 2t2 − 8t + 5 = 0

vyděĺıme t2 a dostaneme

5
(

t2 +
1
t2

)
+
(

t− 1
t

)
− 2 = 0.

Substitućı u = t − 1
t , u2 = t2 − 2 + 1

t2 dostaneme rovnici 5u2 + 8u + 8 = 0 s kořeny
u1,2 = −4±2i

√
6

5 . Dosazeńım u1 do substitučńı rovnice dostaneme t2 + 4−2i
√

6
5 t− 1 = 0. Pro

tuto rovnici je D
4 = 23−4i

√
6

25 = (2
√

6−i)2

25 a tedy t1,2 = −2+i
√

6
5 ± 2

√
6−i
5 . Řešeńı rovnice (∗) je

tedy

t1 =
√

6− 1
5

(2+i), t2 =
√

6 + 1
5

(−2+i), t3 = t1 =
√

6− 1
5

(2−i), t4 = t2 =
√

6 + 1
5

(−2−i).

Odtud plyne

5t4+8t3−2t2−8t+5 =

{
t2 − 4

5
(
√

6− 1)t +
(
√

6− 1)2

5

}
·

{
t2 +

4
5
(
√

6 + 1)t +
(
√

6 + 1)2

5

}
.

Pro vhodná A, B, C, D ∈ R plat́ı

−2t2 + 4t + 2
5t4 + 8t3 − 2t2 − 8t + 5

=
At + B

t2 − 4
5 (
√

6− 1)t + (
√

6−1)2

5

+
Ct + D

t2 + 4
5 (
√

6 + 1)t + (
√

6+1)2

5

,

−2
5
t2 +

4
5
t +

2
5

= (At + B)

{
t2 +

4
5
(
√

6 + 1)t +
(
√

6 + 1)2

5

}
+

+(Ct + D)

{
t2 − 4

5
(
√

6− 1)t +
(
√

6− 1)2

5

}
.

porovnáńım koeficient̊u u stejných mocnin t dostaneme soustavu rovnic

t3 : 0 = A +C

t2 : −2 = 4(
√

6 + 1)A +5B −4(
√

6− 1)C +5D

t1 : 4 = (
√

6 + 1)2A +4(
√

6 + 1)B +(
√

6− 1)2C −4(
√

6− 1)D
t0 : 2 = (

√
6 + 1)2B +(

√
6− 1)2D.

Dosad́ıme-li z prvńı rovnice do druhé a třet́ı, dostaneme

8A
√

6 +5B +5D = −2
4A
√

6 +4(
√

6 + 1)B −4(
√

6− 1)D = 4

a tedy
(−3− 8

√
6)B +(8

√
6− 3)D = −6

(7 + 2
√

6)B +(7− 2
√

6)D = 2.

Protože∣∣∣∣ −3− 8
√

6, −3 + 8
√

6
7 + 2

√
6, 7− 2

√
6

∣∣∣∣ = ∣∣∣∣ −6, 8
√

6
14, −2

√
6

∣∣∣∣ = −2 · 2
√

6
∣∣∣∣ 3, 4
−7, −1

∣∣∣∣ = −100
√

6,

44



∣∣∣∣ −6, −3 + 8
√

6
2, 7− 2

√
6

∣∣∣∣ = −36− 4
√

6,

∣∣∣∣ −3− 8
√

6, −6
7 + 2

√
6, 2

∣∣∣∣ = 36− 4
√

6,

máme

B =
9 +

√
6

25
√

6
, D =

−9 +
√

6
25
√

6
, B + D =

2
25

⇒

⇒ 8A
√

6 = −12
5

⇒ A = − 12
40
√

6
= −

√
6

20
⇒ C =

12
40
√

6
=
√

6
20

.

Odtud ∫
−2(t2 − 2t− 1) dt

5t4 + 8t3 − 2t2 − 8t + 5
=
√

6
40

ln
t2 + 4

5 (
√

6 + 1)t + (
√

6+1)2

5

t2 − 4
5 (
√

6− 1)t + (
√

6−1)2

5

+

+
3 +

√
6

10
arctg

(
5t√
6− 1

− 2
)
− 5−

√
6

10
arctg

(
5t√
6 + 1

+ 2
)

+ K.

Tedy celkově dostáváme∫
(sinx + cos x) dx

2 sin2 x− 4 sinx cos x + 5 cos2 x
=
√

6
40

ln
tg2 x

2 + (2 tg x
2 + 1 +

√
6)2

tg2 x
2 + (2 tg x

2 + 1−
√

6)2
+

+
3 +

√
6

10
arctg

5 tg x
2 + 2− 2

√
6

√
6− 1

− 5−
√

6
10

arctg
5 tg x

2 + 2 + 2
√

6
√

6 + 1
+ K.

Zkontrolujte správnost vypočtených konstant. Původńı výpočet byl určitě jednodušš́ı.

(2.) Oběma zp̊usoby (tj. postupem z řešeńı př́ıkladu 20(h) i prvńı části této poznámky) lze
obecně vypoč́ıtat integrál ∫

(a sinx + b cos x) dx

α sin2 x + β sinx cos x + γ cos2 x
,

je-li D = β2 − 4αγ < 0. Je-li D = 0, je tento integrál vypoč́ıtán v př́ıkladu 20(j) (pro jiné
označeńı konstant).

Pro D > 0 lze jmenovatel α sin2 x + β sinx cos x + γ cos2 x zapsat ve tvaru

(α1 sinx + β1 cos x)(α2 sinx + β2 cos x) tj.

a sinx + b cos x

α sin2 x + β sinx cos x + γ cos2 x
=

A

α1 sinx + β1 cos x
+

B

α2 sinx + β2 cos x
,

a sinx + b cos x = A(α2 sinx + β2 cos x) + B(α1 sinx + β1 cos x).

Porovnáńım koeficient̊u vypočteme z této rovnosti č́ısla A, B ∈ R jednoznačně, poněvadž
α1β2 6= α2β1. Výpočet integrál̊u z obou posledńıch zlomk̊u se efektivně provád́ı substitućı
t = tg x

2 a je podrobně popsán v řešeńı př́ıkladu 20(f). Řešeńı př́ıkladu 20(h) (tj. výpočet∫
α sin2 x+β sin x cos x+γ cos2 x

a sin x+b cos x dx) bylo jednodušš́ı. Co může zp̊usobit záměna čitatele a jmeno-
vatele!

21. Vypočtěte
∫

f(x) dx je-li

(a) f(x) = 1
5−3 cos x ,

[
1
2 arctg (2 tg x

2 )
]

(b) f(x) = 1
5+4 sin x ,

[
2
3 arctg 5tg x

2 +4

3

]
(c) f(x) = 1

5−4 sin x+3 cos x ,
[

1
2−tg x

2

]
(d) f(x) = 1

3 sin x+4 cos x+5 ,
[
− 2

tg x
2 +3

]
45



(e) f(x) = 2−sin x
2+cos x ,

[
ln(2 + cos x) + 4√

3
arctg tg x

2√
3

]
(f) f(x) = sin x

sin x−3 cos x ,
[

1
10x + 3

10 ln | sinx− 3 cos x|; Užijte postupu z př́ıkladu 20(d)
]

(g) f(x) = sin x√
2+sin x+cos x

,
[
1
2

{
x− ln(

√
2 + sin x + cos x)− tg

(
x
2 −

π
8

)}
;

V př́ıkladech (g) a (h) užijte postup z př́ıkladu 20(f)]

(h) f(x) = sin x+2 cos x−3
sin x−2 cos x+3 ,

[
4
5 ln(sin x− 2 cos x + 3)− 3

5x− 6
5arctg 5tg x

2 +1

2

]
(i) f(x) = sin2 x

sin x+2 cos x ,
[
− 1

5 (2 sinx + cos x) + 4
5
√

5
ln
∣∣tg (x

2 + arctg 2
2

)∣∣ ;

V př́ıkladech (i)-(k) užijte postupu z př́ıkladu 20(h)]

(j) f(x) = sin x cos x
sin x+cos x ,

[
1
2 (sinx− cos x)− 1

2
√

2
ln
∣∣tg (x

2 + π
8

)∣∣]
(k) f(x) = sin2 x−4 sin x cos x+3 cos2 x

sin x+cos x ,
[
− sinx + 3 cos x + 2

√
2 ln

∣∣tg (x
2 + π

8

)∣∣]
(l) f(x) = 2 sin x−cos x

3 sin2 x+4 cos2 x
,

[
1
4 ln 2−sin x

2+sin x −
2√
3
arctg cos x√

3
;

Vyjádřete jmenovatele ve tvaru 3 + cos2 x nebo 4− sin2 x a rozdělte na dva integrály
]

(m) f(x) = sin x−2 cos x
1+4 sin x cos x ,

[
3

4
√

2
ln
∣∣∣√2(sin x+cos x)+1√

2(sin x−cos x)−1

∣∣∣+ 1
4
√

6
ln
∣∣∣√3−

√
2(sin x−cos x)√

3+
√

2(sin x−cos x)

∣∣∣ ;

Užijte postupu z př́ıkladu 20(l)]

Poznámka: V př́ıkladech (a), (b), (e), (h) lze ”slepováńım“ vytvořit primitivńı funkci

v celém R. V př́ıkladech (c) a (d) lze výsledek rozš́ı̌rit tak, aby vyšel zlomek s p̊uvodńım
jmenovatelem:

1
2− tg x

2

=
cos x

2

2 cos x
2 − sin x

2

=
cos x

2 (2 cos x
2 − sin x

2 )
(2 cos x

2 − sin x
2 )2

=

=
1 + cos x− 1

2 sinx
5
2 + 3

2 cos x− 2 sinx
=

2− sinx + 2 cos x

5− 4 sinx + 3 cos x
.

V př́ıkladu (d) proved’te sami. V př́ıkladu (m) určete definičńı obor integrandu i výsledku a
ukažte, že se rovnaj́ı.

22. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) =
1√
tg x

, (b) f(x) =
1

cos x
3
√

sin2 x
, (c) f(x) =

sinx√
2 + sin 2x

.

Řešeńı:

(a) Plat́ı ∫
dx√
tg x

=

∣∣∣∣∣ tg x = t

dx = dt
t2+1

∣∣∣∣∣ =
∫

dt√
t(t2 + 1)

=
∣∣∣∣ √t = u

dt = 2u du

∣∣∣∣ = 2
∫

du

u4 + 1
.

Podle př́ıkladu 10(d) plat́ı∫
du

u4 + 1
=

1
4
√

2
ln

u2 + u
√

2 + 1
u2 − u

√
2 + 1

+
1

2
√

2
arctg

u
√

2
1− u2

+ C

a tedy ∫
dx√
tg x

=
1

2
√

2

{
ln

√
tg x +

√
2tg x + 1

tg x−
√

2tg x + 1
+ 2 arctg

√
2tg x

1− tg x

}
+ C.
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Poznámka: Funkce f(x) = 1√
tg x

je definována a spojitá v

D(f) =
⋃
k∈Z

(
kπ, (2k + 1)

π

2

)
,

jej́ı primitivńı funkce F (x) v

D(F ) =
⋃
k∈Z

(
kπ, (4k + 1)

π

4

)
∪
(
(4k + 1)

π

4
, (2k + 1)

π

2

)
.

Vhodnou volbou konstant lze F ”slepit“ v libovolném bodě kπ + π
4 (stač́ı napsat

arctg (
√

2 tg x + 1) + arctg (
√

2 tg x− 1) mı́sto arctg
√

2 tg x
1−tg x ). Pokud budeme cht́ıt F (x)

upravit pomoćı vzorce tg x = sin x
cos x , potom

F (x) =
(−1)k

2
√

2

ln

√
sinx +

√
sin 2x + cos x

sinx−
√

sin 2x + cos x
+ 2arctg

√
sin 2x

cos x− sinx

 ,

x ∈
⋃

k∈Z

(
kπ, (2k + 1)π

2

)
(a ještě by bylo třeba ”slepit“ uprostřed každého intervalu!).

Výsledek př́ıkladu 23(j) plat́ı jen na intervalu
(
kπ, (2k + 1)π

2

)
, kde k je sudé.

(b) Je

I =
∫

dx

cos x
3
√

sin2 x
= 3

∫
1
3 cos x dx

(1− sin2 x) 3
√

sin2 x
=

∣∣∣∣∣∣∣
u = 3

√
sinx

du =
cos x dx

3 3
√

sin2 x

∣∣∣∣∣∣∣ =
∫

3 du

1− u6
.

Poněvadž plat́ı 1 − u6 = (1 − u3)(1 + u3) = (1 − u)(1 + u + u2)(1 + u)(1 − u + u2),
dostaneme dále, že

3
1− u6

=
A

1− u
+

B

1 + u
+

Cu + D

1 + u + u2
+

Eu + F

1− u + u2

a odtud

3 = A(1 + u + u2)(1 + u3) + B(1− u + u2)(1− u3) + (Cu + D)(1− u2)(1− u + u2)+

+(Eu + F )(1− u2)(1 + u + u2).

Dosazeńım u = 1 dostaneme A = 1
2 , dosad́ıme-li u = −1, vyjde B = 1

2 . Protože

3
1− u6

− 1
2

(
1

1− u
+

1
1 + u

)
=

3
(1− u2)(1 + u2 + u4)

− 1
1− u2

=

=
3− 1− u2 − u4

(1− u2)(1 + u2 + u4)
=

1− u2 + 1− u4

(1− u2)(1 + u2 + u4)
=

2 + u2

1 + u2 + u4

je sudá v proměnné u, plat́ı totéž o Cu+D
1+u+u2 + Eu+F

1−u+u2 a tedy

−Cu + D

1− u + u2
+
−Eu + F

1 + u + u2
=

Cu + D

1 + u + u2
+

Eu + F

1− u + u2
.

Odtud plyne E = −C a F = D. Tedy 2+u2

1+u2+u4 = Cu+D
1=u+u2 − Cu−D

1−u+u2 . Po vynásobeńı
dostáváme

2 + u2 = (Cu + D)(1− u + u2)− (Cu−D)(1 + u + u2) = 2D − 2(C −D)u2.
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Odtud porovnáńım koeficient̊u vyjde D = 1, C = 1
2 . Tedy

I =
1
2

ln
∣∣∣∣1 + u

1− u

∣∣∣∣+ 1
2

∫
u + 2

u2 + u + 1
du− 1

2

∫
u− 2

u2 − u + 1
du =

=
1
2

ln
∣∣∣∣1 + u

1− u

∣∣∣∣+ 1
4

ln
u2 + u + 1
u2 − u + 1

+
3
4

∫
du(

u + 1
2

)2 + 3
4

+
3
4

∫
du(

u− 1
2

)2 + 3
4

=

=
1
2

ln
∣∣∣∣1 + u

1− u

∣∣∣∣+ 1
4

ln
u2 + u + 1
u2 − u + 1

+

∫
du(

2u+1√
3

)2

+ 1
+

∫
du(

2u−1√
3

)2

+ 1
=

=
1
2

ln
∣∣∣∣1 + u

1− u

∣∣∣∣+ 1
4

ln
u2 + u + 1
u2 − u + 1

+
√

3
2

{
arctg

2u + 1√
3

+ arctg
2u− 1√

3

}
+ C.

Užijeme-li vzorce z poznámky 2 k řešeńı př́ıkladu 10(d), můžeme psát dále

I =
1
4

ln
(1 + u)2(u2 + u + 1)
(1− u)2(u2 − u + 1)

+
√

3
2

arctg
4u√

3

1− 4u2−1
3

+ C =

=
1
4

ln
(1 + u)3(1− u3)
(1− u)3(1 + u3)

+
√

3
2

arctg
u√

3(1− u2)
+ C =

=
1
4

{
3 ln

1 + 3
√

sinx

1− 3
√

sinx
+ ln

1− sinx

1 + sin x

}
+
√

3
2

arctg
3
√

sinx
√

3(1− 3
√

sin2 x)
+ C.

Poznámka: Integrály z př́ıklad̊u 22(a),(b) jsou speciálńı př́ıpady integrálu∫
sinα x cosβ x dx,

kde α a β jsou racionálńı č́ısla. Jsou-li č́ısla α a β celá, umı́me tyto integrály spoč́ıtat
(viz př́ıklady 14-17). Jestliže alespoň jedno z racionálńıch č́ısel α a β neńı celé, je situace
komplikovaněǰśı:
(i) Je-li α celé liché (resp. β celé liché), spočteme integrál

∫
sinα x cosβ x dx substitućı

t = cos x (resp. t = sinx; viz 22(b)).
(ii) Jestliže žádné z racionálńıch č́ısel α, β neńı celé liché, lze daný integrál spoč́ıtat v
př́ıpadě, že α + β = 0, −2, −4, . . . (viz 22(a) pro α + β = 0), 23(c)-(f) má řešeńı ve
tvaru K tgrx (resp. K cotgrx), kde r je racionálńı, nebot’ α + β = −2 (návod k řešeńı
23(g) lze už́ıt nejen k řešeńı př́ıpadu α + β = −4, ale i pro daľśı sudá α + β < −4).
Obecně substitućı t = tg x, x ∈

(
0, π

2

)
, lze daný integrál upravit na tvar∫

sinα x cosβ x dx =
∫

tα(1 + t2)−1−α+β
2 dt.

To je t.zv. binomický integrál, který lze vyjádřit pomoćı elementárńıch funkćı právě
tehdy, když alespoň jedno z č́ısel α+β

2 , α+1
2 , β+1

2 je celé (viz paragraf 1.5). Substitućı
t = sin2 x, x ∈

(
0, π

2

)
, dostaneme∫

sinα x cosβ x dx =
1
2

∫
t

α−1
2 (1− t)

β−1
2 dt,

takže alespoň hodnotu
π
2∫

0

sinα x cosβ x dx =
1
2

1∫
0

t
α−1

2 (1− t)
β−1

2 dt =
1
2
B

(
α + 1

2
,
β + 1

2

)
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můžeme pro α > 0, β > 0 naj́ıt v tabulce hodnot t.zv. beta funkce. O ńı se zmı́ńıme v
daľśı kapitole, věnované určitému integrálu.

(c) Jestliže využijeme postupu z př́ıkladu 20(l), můžeme výraz pod odmocninou napsat ve
tvaru 2 + sin 2x = 3 − (sinx − cos x)2 nebo 2 + sin 2x = 1 + (sinx + cos x)2 a daný
integrál přeṕı̌seme do tvaru∫

sinx dx√
2 + sin x

=
1
2

∫
(cos x + sinx) dx√
3− (sinx− cos x)2

− 1
2

∫
(cos x− sinx) dx√
1 + (sinx + cos x)2

.

Po substitućıch sinx− cos x = t a sin x + cos x = u dostaneme∫
sinx dx√
2 + sin 2x

=
1
2

∫
dt√

3− t2
−1

2

∫
du√

1 + u2
=

1
2

arcsin
t√
3
−1

2
ln(u+

√
1 + u2)+C =

=
1
2

{
arcsin

sinx− cos x√
3

− ln
(
sinx + cos x +

√
2 + sin 2x

)}
+ C.

23. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = sin x cos x
1+sin4 x

,
[
1
2arctg sin2 x

]
(b) f(x) =

√
1 + sin x,

[
2
√

2 sin
(

x
2 −

π
4

)
; x ∈

(
−π

2 , 3π
2

)]
Poznámka: Na jiných intervalech lze primitivńı funkci ”slepit“ následuj́ıćım zp̊usobem:
Položme F (x) = G(x) + 2

√
2

π

(
x− π

2

)
, x ∈ R, kde G je 2π−periodické rozš́ı̌reńı funkce

g(x) = 2
√

2 sin
(

x
2 −

π
4

)
− 2

√
2

π

(
x− π

2

)
, x ∈

(
−π

2 , 3π
2

〉
. Situaci je vidět na obrázku.

(c) f(x) =
√

tgx
sin x cos x , [2

√
tg x]

(d) f(x) = 1
4√

sin3 x cos5 x
, [4 4

√
tg x]

(e) f(x) = 1
3√

sin5 x cos x
,

[
− 3

2
3
√

cotg2x
]

(f) f(x) =
√

sin3 2x
sin5 x

,
[
− 4

√
2

5 cotg2x
√

cotg x
]

(g) f(x) = 1√
sin3 x cos5 x

,
[
2
3 tg x

√
tg x− 2

√
cotg x;

vyjádřete čitatel integrandu ve tvaru sin2 x + cos2 x
]

(h) f(x) = 1
3√tg x

,

[
1
2 ln

(
3
√

tg2x + 1
)
− 1

4 ln
(

3
√

tg4x− 3
√

tg2x + 1
)

+
√

3
2 arctg 2 3

√
tg2x−1√

3

]
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(i) f(x) = sin2 x
cos2 x

√
tg x

,
[
2
√

tg x− 1
2
√

2
ln tg x+

√
2 tg x+1

tg x−
√

2 tg x+1
− 1√

2
arctg

√
2 tg x

1−tg x

]
(j) f(x) =

√
tg x,

[
1

2
√

2

{
ln
√

sin x−
√

sin 2x+cos x
sin x+

√
sin 2x+cos x

+ arctg
√

sin 2x
cos x−sin x

}
, x ∈

(
0, π

4

)
∪
(

π
4 , π

2

)
;

viz poznámku za řešeńım př́ıkladu 22(a)]

(k) f(x) =
3√

cos2 x
sin x ,

[
− 1

4

{
3 ln 1+ 3√cos x

1− 3√cos x
+ ln 1−cos x

1+cos x

}
+

√
3

2 arctg
3√cos x√

3(1− 3√
sin2 x)

]
(l) f(x) =

3√cos x
sin x ,

[
1
2 ln 1− 3√

cos2 x√
1+

3√
cos2 x+

3√
cos4 x

+
√

3
2 arctg 1√

3(1−2
3√

cos2 x)

]
(m) f(x) = 1

cos x 3√sin x
,

[
1
2 ln 1− 3√

sin2 x√
1− 3√

sin2 x+
3√

sin4 x
−

√
3

2 arctg 2
3√

sin2 x+1√
3

]
(n) f(x) = cos x√

2+sin 2x
,

[
1
2

{
arcsin sin x−cos x√

3
+ ln

(
sinx + cos x +

√
2 + sin 2x

)}]
24. Vypočtěte

∫
f(x) dx, je-li

(a) f(x) = th4x, (b) f(x) = ch4x, (c) f(x) = sh4x chx
2 ,

(d) f(x) = 1
sh3x ch2x

, (e) f(x) = shx sh 2x sh 3x, (f) f(x) = 2 sh x+3 ch x
4 sh x+5 ch x ,

(g) f(x) = sh 2x+3 sh x
ch2x+2 ch2 x

2
, (h) f(x) = 1

2 sh x−ch x , (i) f(x) = 1
ch x+5 sh x+3 ,

(j) f(x) = ch x+2 sh x+3
4 ch x+5 sh x+6 .

Poznámka: Všechny uvedené integrály patř́ı do tř́ıdy integrál̊u
∫

R(sh x, chx) dx, kde R
je racionálńı funkce. Poč́ıtaj́ı se stejnými metodami jako integrály typu

∫
R(sinx, cos x) dx,

které jsme probrali v př́ıkladech 14-21. Vyžaduj́ı však znalost vzorc̊u pro hyperbolické funkce.
Poněvadž se tyto vzorce nevyskytuj́ı tak často, uvedeme alespoň hlavńı z nich. Základńı
identita, od které se odv́ıjej́ı odlǐsnosti ve srovnáńı se vzorci goniometrickými, je

ch2x− sh2x = 1.

dále plat́ı

sh(x + y) = shx ch y + sh y chx, sh(x− y) = shx ch y − sh y chx,
ch(x + y) = chx ch y + sh x sh y, ch(x− y) = chx ch y − sh x sh y.

Odtud dále dostaneme

sh 2x = 2 shx chx, sh2 x
2 = ch x−1

2 ,

ch 2x = ch2x + sh2x, ch2 x
2 = ch x+1

2 ,

sh x + sh y = 2 shx+y
2 chx−y

2 , sh x− sh y = 2 shx−y
2 chx+y

2 ,

chx + ch y = 2 chx+y
2 chx−y

2 , chx− sh y = 2 shx+y
2 shx−y

2 .

Pro potřeby substitućı thx = t resp thx
2 = t uvedeme ještě vzorce

sh2x = th2x
1−th2x

, ch2x = 1
1−th2x

,

sh x = 2 th x
2

1−th2 x
2
, chx = 1+th2 x

2
1−th2 x

2
.

Řešeńı:
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(a) Plat́ı ∫
th4x dx =

∫
sh4x

ch4x
dx =

∫
(ch2x− 1)2

ch4x
dx = x− 2 th x +

∫
dx

ch4x
=

= x− 2 thx +
∫

(ch2x− sh2x)dx

ch4x
= x− thx− 1

3
th3x + C.

(b) Je ∫
ch4x dx =

1
4

∫
(ch 2x + 1)2dx =

1
4

∫
(ch22x + 2 ch 2x + 1) dx =

=
1
8

∫
(ch 4x + 1) dx +

1
4
sh 2x +

1
4
x =

3
8
x +

1
4

sh 2x +
1
32

sh 4x + C.

(c) Užit́ım vzorce pro sh 2α dostaneme∫
sh4x ch

x

2
dx = 16

∫
sh4 x

2
ch5 x

2
dx = 16

∫
sh4 x

2

(
1 + sh2 x

2

)2

ch
x

2
dx =

= 32
{

1
5

sh5 x

2
+

2
7

sh7 x

2
+

1
9

sh9 x

2

}
+ C.

(d) Plat́ı

I =
∫

dx

sh3x ch2x
=
∫

sh x dx

(ch2x− 1)2 ch2x
=
∣∣∣∣ chx = t

sh x dx = dt

∣∣∣∣ = ∫ dt

t2(t2 − 1)2
.

Rozklad dané racionálńı funkce na parciálńı zlomky dává

1
t2(t2 − 1)2

=
A

t
+

B

t2
+

C

t− 1
+

D

t + 1
+

E

(t− 1)2
+

F

(t + 1)2

neboli

1 = At(t2−1)2+B(t2−1)2+C(t3+t2)(t2−1)+D(t3−t2)(t2−1)+Et2(t+1)2+Ft2(t−1)2.

Využit́ım postupu z př́ıkladu 10(a) dostaneme: pro t = 0 je B = 1, pro t = 1 je E = 1
4

a pro t = −1 je F = 1
4 . Protože 1

t2(t2−1)2 je sudá v t, máme A = 0, D = −C. Dále

C

t− 1
+

D

t + 1
=

2C

t2 − 1
=

1
t2(t2 − 1)2

− 1
t2
− t2 + 1

2(t2 − 1)2
=

=
2− 2(t2 − 1)2 − t2(t2 + 1)

2t2(t2 − 1)2
=

3t2 − 3t4

2t2(t2 − 1)2
=

− 3
2

t2 − 1
,

t.j. C = − 3
4 , D = 3

4 . [Je samozřejmě možné též porovnat koeficienty a dostaneme
soustavu lineárńıch rovnic

t5 : 0 = A +C +D
t3 : 0 = −2A −C −D +2E −2F
t2 : 0 = −2B −C −D +E +F

se stejným řešeńım.] Plat́ı tedy

I = −1
t
+

3
4

ln
∣∣∣∣ t + 1
t− 1

∣∣∣∣−1
4

{
1

t− 1
+

1
t + 1

}
+C = − 1

chx
+

3
4

ln
chx + 1
chx− 1

−1
2

chx

ch2x− 1
+C =

=
3
2

ln
∣∣∣cth x

2

∣∣∣− 1
chx

− chx

2 sh2x
+ C.
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(e) Užijeme-li vzorce pro chα − chβ a polož́ıme α+β
2 = 2x, α−β

2 = x, dostaneme
shx sh2x = 1

2 (ch3x− chx), neboli

I =
∫

shx sh2x sh3x dx =
1
2

∫
(ch3x− chx)sh3x dx =

1
4

∫
sh6x dx− 1

2

∫
chx sh 3x dx.

Využit́ım vzorce pro shα + sh β dostaneme dále

I =
1
24

ch 6x− 1
4

∫
(sh 4x + sh 2x) dx =

1
24

ch 6x− 1
16

ch 4x− 1
8

ch 2x + C.

(f) Podle postupu z př́ıkladu 20(d) dostaneme

2 shx + 3 chx = A(4 shx + 5 chx) + B(4 chx + 5 shx).

Srovnáńı koeficient̊u dává soustavu

sh x : 2 = 4A +5B
chx : 3 = 5A +4B

s řešeńım A = 7
9 , B = − 2

9 a tedy∫
2 shx + 3 chx

4 shx + 5 chx
dx =

7
9

x− 2
9

ln(4 shx + 5 chx) + C.

(g) Jestliže si uvědomı́me, že d
dx

{
ch2x

}
= sh 2x, můžeme psát∫

sh 2x + 3 shx

ch2x + 2 ch2 x
2

dx =
∫

sh2x + sh x + 2 shx

ch2x + chx + 1
dx = ln(ch2x + chx + 1)+

+2
∫

sh x dx

ch2x + chx + 1
=
∣∣∣∣ chx = t

sh x dx = dt

∣∣∣∣ = ln(ch2x + chx + 1) + 2
∫

dt

t2 + t + 1
=

= ln(ch2x + chx + 1) + 2

∫
dt(

t + 1
2

)2 + 3
4

= ln(ch2x + chx + 1) +
8
3

∫
dt(

2t+1√
3

)2

+ 1
=

= ln(ch2x + chx + 1) +
4√
3

arctg
2 chx + 1√

3
+ C.

(h) Plat́ı

I =
∫

dx

2 shx− chx
=

∣∣∣∣∣ th x
2 = t

dx = 2 dt
1−t2

∣∣∣∣∣ = 2

∫
dt

1−t2

4t−1−t2

1−t2

= −2
∫

dt

t2 − 4t + 1
.

Polož́ıme-li t2 − 4t + 1 = 0, dostaneme dva kořeny t1 = 2 +
√

3 a t2 = 2−
√

3, tedy

−2
t2 − 4t + 1

=
A

t− t1
+

B

t− t2
a odtud A + B = 0, At2 + Bt1 = 2

s řešeńım A = 2
t2−t1

= − 1√
3
, B = 1√

3
. Tedy

I =
1√
3

ln
∣∣∣∣ t− t2
t− t1

∣∣∣∣+ C =
1√
3

ln

∣∣∣∣∣ th x
2 − 2 +

√
3

th x
2 − 2−

√
3

∣∣∣∣∣+ C.
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(i) Je ∫
dx

3 chx + 5 shx + 3
=

∣∣∣∣∣ th x
2 = t

dx = 2 dt
1−t2

∣∣∣∣∣ = 2

∫
dt

1−t2

3+3t2

1−t2 + 10t
1−t2 + 3

=
∫

dt

5t + 3
=

=
1
5

ln |5t + 3|+ C =
1
5

ln
∣∣∣5 th

x

2
+ 3
∣∣∣+ C.

(j) Podle postupu z př́ıkladu 20(f) dostaneme

chx + 2 shx + 3 = A(4 chx + 5 shx + 6) + B(4 shx + 5 chx) + C.

Srovnáńım koeficient̊u źıskáme soustavu

4A + 5B = 1, 5A + 4B = 2, 6A + C = 3.

s řešeńım A = 2
3 , B = − 1

3 , C = −1. Tedy

I =
∫

chx + 2 shx + 3
4 chx + 5 shx + 6

dx =
2
3

x− 1
3

ln |4 chx + 5 shx + 6| −
∫

dt

4 chx + 5 shx + 6
=

=

∣∣∣∣∣ th x
2 = t

dx = 2 dt
1−t2

∣∣∣∣∣ = 2
3

x− 1
3

ln |4 chx + 5 shx + 6| − 2

∫
dt

1−t2

4+4t2

1−t2 + 10t
1−t2 + 6

=

=
2
3

x− 1
3

ln |4 chx + 5 shx + 6|+
∫

dt

t2 − 5t− 5
.

Jestliže polož́ıme t2 − 5t − 5 = 0, dostaneme dvojici kořen̊u t1 = 1
2 (5 + 3

√
5),

t2 = 1
2 (5− 3

√
5) a plat́ı

1
t2 − 5t− 5

=
A

t− t1
+

B

t− t2
; odtud A + B = 0 −At2 −Bt1 = 1

s řešeńım A = 1
t1−t2

= 1
3
√

5
, B = − 1

3
√

5
. Tedy

I =
2
3

x− 1
3

ln |4 chx + 5 shx + 5|+ 1
3
√

5
ln

∣∣∣∣∣2 th x
2 − 5− 3

√
5

2 th x
2 − 5 + 3

√
5

∣∣∣∣∣+ K.

25. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = ex

ch x+sh x , [x]

(b) f(x) = ch2ax + sh2ax; (a 6= 0),
[

1
2a sh 2ax

]
(c) f(x) = sh2x,

[
1
4 sh 2x− 1

2 x
]

(d) f(x) = sh3x,
[
1
3 ch3x− chx

]
(e) f(x) = ch3x,

[
1
3 sh3x + sh x

]
(f) f(x) = sh2x ch3x,

[
1
5 sh5x + 1

3 sh3x
]

(g) f(x) = ch3x sh8x,
[

1
11 sh11x + 1

9 sh9x
]

(h) f(x) = sh4x
ch6x

,
[
1
5 th5x

]
(i) f(x) = cth5x,

[
ln |sh x| − 1

sh2x
− 1

4 sh4x

]
(j) f(x) = sh2x ch2x,

[
1
32 sh 4x− 1

8 x
]

(k) f(x) = 1
sh2x+ch2x

, [arctg thx]
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(l) f(x) = 1
sh x ch x , [ln |thx|]

(m) f(x) = sh3x ch 2x,
[
2
5 ch5x− ch3x + chx

]
(n) f(x) = ch5x

sh x ,
[
1
4 sh4x + sh2x + ln |sh x|

]
(o) f(x) = 1

(1+ch x)2 ,
[
1
2 th x

2 −
1
6 th3 x

2

]
(p) f(x) = 1

sh4x ch2x
,

[
thx + 2 cthx− 1

3cth3x
]

(q) f(x) = th3x,
[
ln chx− 1

2 th2x
]

(r) f(x) = sh2x ch4x,
[

1
48 sh32x + 1

64 sh 4x− 1
16 x

]
26. Vypočtěte

∫
f(x) dx, je-li

(a) f(x) = 1
sh x ch2x

,
[

1
ch x + ln

∣∣th x
2

∣∣]
(b) f(x) = ch2x

sh3x
,

[
1
2 ln

∣∣th x
2

∣∣− ch x
2 sh2x

]
(c) f(x) = 1

ch5x
,

[
sh x

4 ch4x
+ 3 sh x

8 ch2x
+ 3

8 arctg shx
]

(d) f(x) = sh4x
ch3x

,
[
sh x− 3

2 arctg shx + sh x
2 ch2x

]
(e) f(x) = shx sh 7x,

[
1
16 sh 8x− 1

12 sh 6x
]

(f) f(x) = chx ch 2x ch 3x,
[
1
4 x + 1

8 sh 2x + 1
16 sh 4x + 1

24 sh 6x
]

(g) f(x) = 1
sh2x−4 sh x ch x+9 ch2x

,
[

1√
5

arctg th x−2√
5

]
(h) f(x) = 1

10 ch2x−2 sh 2x−1
,

[
1√
5

arctg th x−2√
5

;

ukažte, že sh2x− 4 shx chx + 9 ch2x = 10 ch2x− 2 sh 2x− 1
]

(i) f(x) = 1
3 sh2x−7 sh x ch x+2 ch2x

,
[

1
5 ln 2 ch x−sh x

|3 sh x−ch x|

]
(j) f(x) = 1

4+3 sh2x
,

[
1
4 ln 2+th x

2−th x

]
(k) f(x) = 1

1−th x ,
[

1
2

{
x + 1

1−th x

}]
(l) f(x) = 4 ch x−3 sh x

2 chx−sh x ,
[
5
3 x− 2

3 ln(2 ch x− sh x)
]

(m) f(x) = ch x
3 sh x−4 ch x ,

[
− 4

7 x− 3
7 ln |3 shx− 4 chx|;

v př́ıkladech (l) a (m) použijte postup z př́ıkladu 24(f)]

(n) f(x) = sh 2x+4 sh x
ch2x−3 ch x

,
[
ln |ch2x− 3 chx|+ 7

3 ln |ch x−3|
ch x ; užijte př́ıklad 24(g)

]
(o) f(x) = 1

sh x+2 ch x ,
[

2√
3

arctg 2 th x
2 +1√
3

]
(p) f(x) = 1

ch x+sh x+2 ,
[

1
2 ln 1+th x

2
3−th x

2

]
(q) f(x) = sh x+2 ch x

2 sh x−ch x−1 ,
[
4
5 x + 5

3 ln |2 shx− chx− 1|+ 2
3 ln

∣∣2 th x
2 − 1

∣∣ ;
užijte postupu z př́ıkladu 24(j)]

1.4 Integrály typu
∫

R(x,
√

ax2 + bx + c) dx.

Poznámky: (1.) Každý integrál uvedeného typu lze (doplněńım na čtverec a lineárńı sub-
stitućı) převést na jeden ze tř́ı následuj́ıćıch integrál̊u:

(a)
∫

R(x,
√

a2 − x2) dx, (b)
∫

R(x,
√

a2 + x2) dx, (c)
∫

R(x,
√

x2 − a2) dx,
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kde a > 0 a R(x, y) je racionálńı lomená funkce v proměnných x, y. Je-li R(x, y) = 1
y ,

umı́me tyto integrály bez problémů vypoč́ıtat (výsledky jsou uvedeny v tabulce primitivńıch
funkćı, jejich odvozeńı viz př. 6(e)). Výpočet integrál̊u metodou per partes pro př́ıpad
R(x, y) = y lze nalézt v př́ıkladech 8(f) a 9(x). Substituce uvedené v př́ıkladu 6(e) lze
snadno zobecnit. Integrály typu (a) je možno převést substitućı x = a sin t, t ∈

(
−π

2 , π
2

)
,

(resp. x = a cos t, t ∈ (0, π)), na integrál
∫

R(sin t, cos t) dt, který umı́me řešit podle od-
stavce 1.3. U typu (b) ke stejnému účelu slouž́ı substituce x = a tg t, t ∈

(
−π

2 , π
2

)
, (resp.

x = a cotg t, t ∈ (0, π)), u typu (c) je to x = a
sin t , t ∈

(
0, π

2

)
pro x ∈ (a,+∞) a t ∈

(
−π

2 , 0
)

pro x ∈ (−∞,−a) (resp. x = a
cos t , t ∈

(
0, π

2

)
pro x ∈ (a,+∞) a t ∈

(
π
2 , π

)
pro x ∈ (−∞, 0)).

Pokud umı́te dobře poč́ıtat integrály typu
∫

R(shx, chx) dx (př́ıklady 24-26), můžete na ně
převádět integrály typu (a) substitućı x = a

ch t , t ∈ (0,+∞), typ (b) substitućı x = a sh t,

t ∈ R a typ (c) substitućı x = a ch t, t ∈ (0,+∞) pro x ∈ (a,+∞), a x = −a ch t,

t ∈ (0,+∞) pro x ∈ (−∞,−a). Použ́ıvejte raději goniometrické substituce s funkcemi sin a
tg, jen v př́ıpadě (b) může být užitečná i hyperbolická substituce.

(2.) Upravit výsledek, źıskaný postupem z poznámky (1.) může být ovšem dosti obt́ıžné.
Vyhnout se goniometrickým i hyperbolickým funkćım umožňuj́ı t.zv. Eulerovy substituce:

1. skupina: Pokud je a > 0, lze zavést substituci
√

ax2 + bx + c = x
√

a + t. Ta nám převede
daný integrál na integrál z racionálńı funkce v proměnné t. Podle konkrétńıho tvaru inte-
grandu můžeme zavést jednu z variant

√
ax2 + bx + c = ±x

√
a± t.

2. skupina: Je-li c > 0, lze substituovat
√

ax2 + bx + c = xt +
√

c, nebo některou variantu√
ax2 + bx + c = ±xt±

√
c. Všechny tyto varianty dávaj́ı opět integrál z racionálńı funkce.

Je-li D = b2 − 4ac > 0, tedy polynom ax2 + bx + c má dvojici reálných r̊uzných kořen̊u
x1, x2, můžeme použ́ıt substituce

t =
√

ax2 + bx + c

|x− x1|
=

√
a(x− x1)(x− x2)

(x− x1)2
=
√

a · x− x2

x− x1
.

(3.) Otázka, která zákonitě vzniká, je, kterou z těchto možných substitućı použ́ıt, abychom
źıskali co možno nejjednodušš́ı integrál. Odpověd’ na tuto otázku neńı jednoznačná a ani
jednoduchá. Velmi často je třeba zkusit 2 nebo 3 varianty a pak si vybrat. O trochu syste-
matičtěǰśı postup se pokuśıme v př́ıkladu 31. Budeme však potřebovat daľśı skutečnosti.

27. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 1
(x−1)

√
x2+x+1

, (b) f(x) =
{√

1+x+x2−1
x

}2
1√

1+x+x2 ,

(c) f(x) = 1
(2x−3)

√
4x−x2 , (d) f(x) = 1

1+
√

x2+2x+2
,

(e) f(x) =
√

1− 4x− x2, (f) f(x) = 1
(x+1)3

√
x2+2x−3

,

(g) f(x) = x2
√

1+x+x2 , (h) f(x) = 1
(x2+x+1)

√
x2+x−1

,

(i) f(x) = x2

(x2−2x+4)
√

2+2x−x2 , (j) f(x) = 1n
1+
√

x(1+x)
o2 ,

(k) f(x) =
√

1+x2

2+x2 .

Řešeńı:
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(a) Položme
√

x2 + x + 1 = x + t. Potom je t > 1
2 a x2 + x + 1 = x2 + 2xt + t2, neboli

x(1− 2t) = t2 − 1 a odtud

x =
t2 − 1
1− 2t

; x− 1 =
t2 + 2t− 2

1− 2t
; x + t =

t2 − t + 1
2t− 1

; dx =
−2(t2 − t + 1) dt

(2t− 1)2
.

Tedy

I =
∫

dx

(x− 1)
√

x2 + x + 1
= −2

∫
t2−t+1
(2t−1)2 dt

t2+2t−2
1−2t · t2−t+1

2t−1

= 2
∫

dt

t2 + 2t− 2
.

Polož́ıme-li t2 +2t−2 = 0, dostaneme dvojici kořen̊u t1 = −1+
√

3 > 1
2 a t2 = −1−

√
3

a tedy plat́ı

2
t2 + 2t− 2

=
A

t− t1
+

B

t− t2
. Odtud A + B = 0, −At2 −Bt1 = 2

s řešeńım A = 2
t1−t2

= 1√
3
, B = − 1√

3
. Tud́ıž

I =
1√
3

ln
∣∣∣∣ t− t1
t− t2

∣∣∣∣+ C =
1√
3

ln
|
√

x2 + x + 1− x + 1−
√

3 |√
x2 + x + 1− x + 1 +

√
3

+ C.

Poznámka: Jestliže polož́ıme
√

x2 + x + 1 = x − t nebo t − x, dostaneme podobný
integrál. Zkuste též už́ıt substituce z př́ıklad̊u(b) a (g).

(b) Jestliže zavedeme do integrálu

I =

∫ {√
1 + x + x2 − 1

x

}2
dx√

1 + x + x2

substituci
√

x2 + x + 1 = xt + 1, dostaneme (t je rostoućı funkce proměnné x a v bodě
x = 0 ji lze spojitě dodefinovat hodnotou 1

2 , t.j. t ∈ (−1, 1)).

√
1 + x + x2 − 1

x
= t; x2 + x + 1 = x2t2 + 2xt + 1; x + 1 = xt2 + 2t; x =

2t− 1
1− t2

;

xt+1 =
2t2 − t + 1− t2

1− t2
=

t2 − t + 1
1− t2

; dx =
2(1− t2) + 2t(2t− 1)

(1− t2)2
dt = 2

t2 − t + 1
(1− t2)2

dt.

Dosazeńım do daného integrálu dostáváme

I = 2

∫
t2

t2−t+1
(1−t2)2 dt

t2−t+1
1−t2

= 2
∫

t2 dt

1− t2
= −2

∫
(1− t2 − 1) dt

1− t2
= −2t + 2

∫
dt

1− t2
=

=
2(1−

√
1 + x + x2)
x

+ ln
1 + t

1− t
+ C =

2(1−
√

1 + x + x2)
x

+

+ ln
x− 1 +

√
1 + x + x2

x + 1−
√

1 + x + x2
+ C = F (x) + C.

Ukažte, že když dodefinujete F (0) = ln 3−1, potom je F ′(0) = 1
4 . Zkuste daný integrál

vypoč́ıtat též substitućı z př́ıkladu (a) nebo (g) pro x ∈ (0, 4).
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(c) Integrál si nejdř́ıve uprav́ıme. Pro x ∈ (0, 4) plat́ı

1
(2x− 3)

√
4x− x2

=
1

(2x− 3)x
√

4−x
x

=

√
x

4−x

x(2x− 3)
,

neboli

I =
∫

dx

(2x− 3)
√

4x− x2
=

∫ √
x

4−x dx

x(2x− 3)
=

∣∣∣∣∣∣∣∣
x

4− x
= t2; x =

4t2

t2 + 1

2x− 3 =
5t2 − 3
t2 + 1

; dx =
8t dt

(t2 + 1)2

∣∣∣∣∣∣∣∣ =

= 2

∫
t2 dt

(t2+1)2

t2

t2+1 ·
5t2−3
t2+1

= 2
∫

dt

5t2 − 3
.

Dále je 2
5t2−3 = A√

5t−
√

3
+ B√

5t+
√

3
a srovnáńım koeficient̊u u stejných mocnin t dosta-

neme soustavu rovnic

A + B = 0; A−B =
2√
3

s řešeńım A =
1√
3
, B = − 1√

3
.

Odtud plyne, že

I =
1√
15

ln

∣∣∣∣∣
√

5t−
√

3√
5t +

√
3

∣∣∣∣∣+ C =
1√
15

ln

∣∣∣∣∣∣
√

5
√

x
4−x −

√
3

√
5
√

x
4−x +

√
3

∣∣∣∣∣∣+ C =

=
1√
15

ln

∣∣∣√5x−
√

3(4− x)
∣∣∣

√
5x +

√
3(4− x)

+ C.

Jinou Eulerovu substituci nelze použ́ıt. Zkuste však x−2
2 = sin t.

(d) Poněvadž je x2 + 2x + 2 = (x + 1)2 + 1, zavedeme substituci x + 1 = tg t,

t ∈
(
−π

2 , π
2

)
; dx = dt

cos2 t . Plat́ı tedy

I =
∫

dx

1 +
√

x2 + 2x + 2
=

∫
dt

cos2 t

1 +
√

tg2t + 1
=
∫

dt

cos t(cos t + 1)
=

=

∣∣∣∣∣∣∣
tg t

2 = u

dt = 2 du
1+u2

u ∈ (−1, 1)

∣∣∣∣∣∣∣ = 2

∫
du

1+u2

1−u2

1+u2

(
1−u2

1+u2 + 1
) =

∫
(1 + u2) du

1− u2
= −

∫
(1− u2 − 2) du

1− u2
=

= −u + 2
∫

du

1− u2
= −u + ln

1 + u

1− u
+ C.

Dále plat́ı

u = tg
t

2
=

sin t
2

cos t
2

=
2 sin2 t

2

2 sin t
2 cos t

2

=
1− cos t

sin t
=

1− 1√
tg2t+1

tg t√
tg2t+1

=

=

√
tg2t + 1− 1

tg t
=
√

x2 + 2x + 2− 1
x + 1

, lim
x→−1

√
x2 + 2x + 2− 1

x + 1
= 0
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a tedy

I =
1−

√
x2 + 2x + 2
x + 1

+ ln
1 +

√
x2+2x+2−1

x+1

1−
√

x2+2x+2−1
x+1

+ C =

=
1−

√
x2 + 2x + 2
x + 1

+ ln
x +

√
x2 + 2x + 2

x + 2−
√

x2 + 2x + 2
+ C = F (x) + C.

Poznámky: (1.) Dodefinujeme-li F (−1) = 0, je F ′(−1) = 1
2 .

(2.) Podle tvaru výsledku lze s úspěchem použ́ıt i substituce
√

x2 + 2x + 2 = ±(x− t).

(e) Plat́ı 1− 4x− x2 = 5− (x + 2)2 a zavedeme tedy substituci

x + 2 =
√

5 sin t; t ∈
(
−π

2
,
π

2

)
; dx =

√
5 cos t; t = arcsin

x + 2√
5

.

Tedy ∫ √
1− 4x− x2 dx =

√
5
∫ √

5(1− sin2 t) cos t dt = 5
∫

cos2 t dt =

=
5
2

{
t +

1
2

sin 2t

}
+ C =

5
2

{
arcsin

x + 2√
5

+ sin t
√

1− sin2 t

}
+ C =

=
5
2

{
arcsin

x + 2√
5

+
x + 2√

5

√
1− (x + 2)2

5

}
+ C =

=
5
2

{
arcsin

x + 2√
5

+
x + 2

5

√
1− 4x− x2

}
+ C, x ∈ (−2−

√
5,−2 +

√
5).

(f) Poněvadž je x2 + 2x− 3 = (x + 1)2 − 4, zavedeme substituci x + 1 = 2
sin t , t ∈

(
0, π

2

)
.

Potom plat́ı dx = − 2 cos t dt
sin2 t

a tedy

∫
dx

(x + 1)3
√

x2 + 2x− 3
= −

∫
2 cos t dt

sin2 t

8
sin3 t

√
4
(

1
sin2 t

− 1
) = −1

8

∫
sin2 t dt =

= − 1
16

{
t− 1

2
sin 2t

}
+ C =

1
16

{
2

x + 1

√
1− 4

(x + 1)2
− arcsin

2
x + 1

}
+ C

pro x > 1. Protože je funkce f(x) = 1
(x+1)3

√
x2+2x−3

lichá v proměnné x + 1, je funkce
F (x) k ńı primitivńı v této proměnné sudá a tedy∫

dx

(x + 1)3
√

x2 + 2x− 3
=

1
16

{
2
√

x2 + 2x− 3
(x + 1)2

∓ arcsin
2

|x + 1|

}
+C, x > 1; x < −3.

Poznámka: Rozmyslete si, že lze už́ıt Eulerovy substituce
√

x2 + 2x− 3 = x+ t nebo
t =

√
x+3
x−1 a použijte je.

(g) Plat́ı x2 +x+1 =
(
x + 1

2

)2 + 3
4 a zavedeme substituci x+ 1

2 =
√

3
2 sh t; dx =

√
3

2 ch t dt.
Odtud sh t = 2x+1√

3
a tedy

∫
x2 dx√

1 + x + x2
=

∫
1
4 (
√

3 sh t− 1)2
√

3
2 ch t dt√

3
4 (sh2t + 1)

=
1
4

∫
(3 sh2t− 2

√
3 sh t + 1) dt =
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=
1
4

{
3
4

sh 2t− 3
2

t− 2
√

3 ch t + t

}
+ C =

3
8

sh t ch t−
√

3
2

ch t− 1
8

t + C =

=
√

3 (2x + 1)
8

√
(2x + 1)2

3
+ 1−

√
3

2

√
(2x + 1)2

3
+ 1− 1

8
argsh

2x + 1√
3

+ C =

=
{

1
8
(2x + 1)− 1

2

}√
4x2 + 4x + 4− 1

8
ln

(
2x + 1√

3
+

√
(2x + 1)2

3
+ 1

)
+ C =

=
1
4
(2x− 3)

√
x2 + x + 1− 1

8
ln
(
2x + 1 + 2

√
x2 + x + 1

)
+ K,

kde K = C + 1
16 ln 3.

(h) Je x2 + x − 1 =
(
x + 1

2

)2 − 5
4 , tedy D(f) = R −

〈
−1−

√
5

2 , −1+
√

5
2

〉
a pro x > −1+

√
5

2

použijeme substituci x + 1
2 =

√
5

2 cht, t > 0. Odtud plyne dx =
√

5
2 sht dt ; cht = 2x+1√

5

a tedy

I =
∫

dx

(x2 + x + 1)
√

x2 + x− 1
=

∫ √
5

2 sht dt

1
4 (5ch2t + 3)

√
5
4 (ch2t− 1)

= 4
∫

dt

5ch2t + 3
=

= 4

∫
dt(

5 + 3
ch2t

)
ch2t

=

∣∣∣∣∣∣∣
tht = u

dt

ch2t
= du

1− u2 =
1

ch2t

∣∣∣∣∣∣∣ = 4
∫

du

8− 3u2
.

Poněvadž
4

8− 3u2
=

A

2
√

2−
√

3u
+

B

2
√

2 +
√

3u
, u ∈ (0, 1),

dostaneme soustavu rovnic A−B = 0, A + B =
√

2 s řešeńım A = B = 1√
2
. Tedy

I =
1√
6

ln
2
√

2 +
√

3u

2
√

2−
√

3u
+C =

1√
6

ln
2
√

2 +
√

3tht

2
√

2−
√

3tht
+C =

1√
6

ln
2
√

2 +
√

3

q
(2x+1)2

5 −1
2x+1√

5

2
√

2−
√

3

q
(2x+1)2

5 −1
2x+1√

5

+C =

1√
6

ln
√

2(2x + 1) +
√

3(x2 + x− 1)
√

2(2x + 1)−
√

3(x2 + x− 1)
+ C = F (x) + C.

Zkontrolujte sami, že D(F ) = R −
(
−1−

√
5

2 , −1+
√

5
2

)
, že F

(
−
(
x + 1

2

))
= −F

(
x + 1

2

)
(tj. F je lichá v proměnné x + 1

2 ) a že F ′(x) = f(x) pro x ∈ D(f).

(i) Část integrandu nejdř́ıve uprav́ıme na tvar

x2

x2 − 2x + 4
=

x2 − 2x + 4 + 2x− 4
x2 − 2x + 4

= 1 +
2x− 4

x2 − 2x + 4
.

Nyńı plat́ı

I =
∫

x2 dx

(x2 − 2x + 4)
√

2 + 2x− x2
=
∫

dx√
2 + 2x− x2

+

+
∫

(2x− 4) dx

(x2 − 2x + 4)
√

2 + 2x− x2
= I1 + I2.
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Dále

I1 =
∫

dx√
3− (x− 1)2

=
1√
3

∫
dx√

1−
(

x−1√
3

)2
= arcsin

x− 1√
3

+ C

pro x ∈ (1−
√

3, 1 +
√

3) = D(f).

I2 = 2

∫
(x− 1) dx

{(x− 1)2 + 3}
√

3− (x− 1)2
− 2

∫
dx

{(x− 1)2 + 3}
√

3− (x− 1)2
=

=

∣∣∣∣∣∣
x− 1 =

√
3 sin t

dx =
√

3 cos t dt
x ∈ D(f), t ∈

(
π
2 , π

2

)
∣∣∣∣∣∣ = 2

∫ √
3 sin t dt

3(sin2 t + 1)
− 2

∫
dt

3(sin2 t + 1)
=

2√
3
K1 −

2
3
K2,

K1 =
∫

sin t dt

sin2 t + 1
=
∫

sin t dt

2− cos2 t
=
∣∣∣∣ cos t = u ∈ (0, 1〉

sin t dt = −du

∣∣∣∣ = ∫ du

u2 − 2
=

=
1

2
√

2
ln
√

2− u√
2 + u

+ C =
1

2
√

2
ln
√

2− cos t√
2 + cos t

+ C,

K2 =
∫

dt

sin2 t + 1
=

∣∣∣∣∣ tg t = u

dt = du
u2+1

∣∣∣∣∣ =
∫

du
u2+1

u2

u2+1 + 1
=
∫

du

2u2 + 1
=

=
1√
2

arctg (
√

2 u) + C =
1√
2

arctg (
√

2 tg t) + C.

Jestliže tyto výsledky shrneme, dostaneme

I2 =
1√
6

ln
√

2− cos t√
2 + cos t

−
√

2
3

arctg (
√

2 tg t) + C =

=
1√
6

ln

√
2−

√
1− (x−1)2

3

√
2 +

√
1− (x−1)2

3

−
√

2
3

arctg

√
2(x−1)√

3√
1− (x−1)2

3

+ C =

=
1√
6

ln
√

6−
√

2 + 2x− x2

√
6 +

√
2 + 2x− x2

−
√

2
3

arctg
√

2(x− 1)√
2 + 2x− x2

+ C, x ∈ D(f),

a tedy

I = arcsin
x− 1√

3
+

1√
6

ln
√

6−
√

2 + 2x− x2

√
6 +

√
2 + 2x− x2

−

−
√

2
3

arctg
√

2(x− 1)√
2 + 2x− x2

+ C = F (x) + C, x ∈ D(f).

Ukažte, že lim
x→1+

√
3−

F (x) = π
6 (3−

√
2), lim

x→1−
√

3+

F (x) = π
6 (3 +

√
2).

(j) Protože D(f) = R− (−1, 0), budeme primitivńı funkci F poč́ıtat na jej́ım vnitřku, t.j.

pro x ∈ (−∞,−1) ∪ (0,+∞). Do integrálu I =

∫
dxn

1+
√

x(1+x)
o2 zavedeme substituci

t =

√
1 + x

x
, dx =

−2t dt

(t2 − 1)2
, x =

1
t2 − 1

,
√

x(1 + x) = |x| t =
t

|t2 − 1|

Poněvadž je t ∈ (0, 1) ⇔ x ∈ (−∞,−1) a t ∈ (1,+∞) ⇔ x ∈ (0,+∞), dostaneme dále

1 +
√

x(1 + x) = 1 +
t

|t2 − 1|
=

{
t2+t−1
t2−1 pro t ∈ (1,+∞)

t2−t−1
t2−1 pro t ∈ (0, 1).
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Tedy

I =

∫
−2t dt

(t2−1)2{
t2±t−1
t2−1

}2 = −2
∫

t dt

(t2 ± t− 1)2
.

Rovnice t2+t−1 = 0 (resp. t2−t−1 = 0) má dva reálné r̊uzné kořeny t1,2 = 1
2 (−1±

√
5)

(resp. t1,2 = 1
2 (1±

√
5)) a tedy

−2t

(t2 ± t− 1)2
=

A

t− t1
+

B

t− t2
+

C

(t− t1)2
+

D

(t− t2)2
;

−2t = A(t− t2)(t2 ± t− 1) + B(t− t1)(t2 ± t− 1) + C(t− t2)2 + D(t− t1)2.

Pro t = t1 dostaneme −2t1 = C(t1 − t2)2 ⇒ C = ±1−
√

5
5 ;

pro t = t2 dostaneme −2t2 = D(t2 − t1)2 ⇒ D = ±1+
√

5
5 .

Srovnáńım koeficient̊u u nejvyšš́ı a nejnižš́ı mocniny t dostaneme soustavu rovnic

t3 : 0 = A +B
t0 : 0 = At2 +Bt1 +Ct22 +Dt21.

Poněvadž je Ct22 = 2
5 t2, Dt21 = 2

5 t1, Ct22 + Dt21 = ∓ 2
5 , má daná soustava tvar

A + B = 0 At2 + Bt1 = ±2
5

s řešeńım A = ∓ 2
5
√

5
, B = ± 2

5
√

5
. Odtud nyńı dostaneme:

(i) Pro x > 0 je

I = −2
∫

t dt

(t2 + t− 1)2
=

2
5
√

5
ln
∣∣∣∣ t− t2
t− t1

∣∣∣∣+ 1
5

{
−1 +

√
5

t− t1
− 1 +

√
5

t− t2

}
+ C =

=
2

5
√

5
ln

t− t2
t− t1

+
−2t + 4

5(t2 + t− 1)
+ C =

2
5
√

5
ln

2
√

x(1 + x) + (1 +
√

5) x

2
√

x(1 + x) + (1−
√

5) x
+

+
2
5
·
2x−

√
x(1 + x)

1 +
√

x(1 + x)
+ C = F (x) + C.

(ii) Pro x < −1 je

I = −2
∫

t dt

(t2 − t− 1)2
= − 2

5
√

5
ln
∣∣∣∣ t− t2
t− t1

∣∣∣∣+ 1
5

{
1 +

√
5

t− t1
+

1−
√

5
t− t2

}
+ C =

= − 2
5
√

5
ln

t− t2
t1 − t

+
2t + 4

5(t2 − t− 1)
+ C = − 2

5
√

5
ln

2
√

x(1 + x) + (1−
√

5) x

−[2
√

x(1 + x) + (1 +
√

5) x]
+

+
2
5
·
2x−

√
x(1 + x)

1 +
√

x(1 + x)
+ C = G(x) + C.

Poznámky: 1. Výpočty pro x ∈ (−∞,−1) nebylo třeba provádět. Protože funkce
f(x) = 1n

1+
√

x(1+x)
o2 je sudá vzhledem k proměnné x + 1

2 (tj. f(x) = f(−x − 1),
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x ∈ D(f) ), existuje primitivńı funkce F k funkci f, která je lichá vzhledem k proměnné
x + 1

2 . Funkci F v bodu (i) lze rozš́ı̌rit lǐse i pro x ∈ (−∞,−1) předpisem
F (x) = −F (−x− 1). Pak

− d

dx
F (−x− 1) = f(−x− 1) =

1{
1 +

√
−x(−1− x)

}2 =
1{

1 +
√

x(1 + x)
}2 = f(x),

t.j. −F (−x− 1) je primitivńı funkce k funkci f v intervalu (−∞,−1). V bodě (ii) jsme
již jednu primitivńı funkci G k f spočetli. Tedy G(x) + F (−x − 1) = K je konstanta
pro x ∈ (−∞,−1). Nyńı tuto konstantu urč́ıme.

K = G(−1−) + F (0+) =
2

5
√

5
ln
√

5 + 1√
5− 1

− 4
5

=
4

5
√

5
ln

1 +
√

5
4

− 4
5

2. Použijeme-li některé z Eulerových substitućı
√

x(1 + x) = x + t (resp. x − t, resp.
t−x) nebo x+ 1

2 = 1
2 sin t , po př́ıpadě x+ 1

2 = 1
2 cht, nebude výpočet kratš́ı, sṕı̌s naopak.

(k) Plat́ı

I =
∫ √

x2 + 1
x2 + 2

dx =
∫

(x2 + 1) dx

(x2 + 2)
√

x2 + 1
=
∫

(x2 + 2− 1) dx

(x2 + 2)
√

x2 + 1
=
∫

dx√
x2 + 1

−

−
∫

dx

(x2 + 2)
√

x2 + 1
=
∣∣∣∣ x = sh t

dx = ch t dt

∣∣∣∣ = ln(x +
√

x2 + 1)−
∫

dt

sh2t + 2
=

= ln(x +
√

x2 + 1)−
∫

dt(
th2t + 2

ch2t

)
ch2t

=

∣∣∣∣∣∣∣∣∣∣
th t = u

dt

ch2t
= du

1
ch2t

= 1− u2

∣∣∣∣∣∣∣∣∣∣
=

= ln(x +
√

x2 + 1) +
∫

du

u2 − 2
.

Označme K =
∫

du
u2−2 a pǐsme 1

u2−2 = A
u−

√
2

+ B
u+

√
2
. Potom je

A + B = 0, A−B =
1√
2

s řešeńım A = −B =
1

2
√

2
.

Tedy K = 1
2
√

2
ln
∣∣∣u−√2
u+

√
2

∣∣∣ + C1. Protože je u = th t = sh t√
ch2t

= x√
x2+1

∈ (−1, 1) ,

dostaneme celkově

I = ln(x +
√

x2 + 1) +
1

2
√

2
ln

√
2(x2 + 1)− x√
2(x2 + 1) + x

+ C.

Poznámka: Z výsledku je patrno, že jsme si mohli ušetřit dvojici hyperbolických substitućı,
kdybychom rovnou zavedli substituci u = x√

x2+1
. To je tzv. Abelova substituce a v́ıce si o ńı

řekneme v př́ıkladu 31.

28. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 1
x
√

x2+x+1

[
ln |

√
x2+x+1−x−1|√
x2+x+1−x+1

]
(b) f(x) = 1

x
√

x2+4x−4

[
arctg

√
x2+4x−4−x

2 nebo arcsin 1√
2

∣∣x−2
x

∣∣]
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(c) f(x) = 1
x
√

x2+2x−1

[
2 arctg (

√
x2 + 2x− 1− x) nebo arcsin 1√

2

∣∣x−1
x

∣∣]
(d) f(x) = 1

x
√

2+x−x2

[
1√
2

ln x+4−2
√

2
√

2+x−x2

|x|

]
Poznámka: V př́ıkladech (a)-(d) zkuste též substituci t = 1

x a porovnejte výsledky.

(e) f(x) = 1
x−

√
x2−x+1[

2 ln |x−
√

x2 − x + 1| − 3
2 ln(2

√
x2 − x + 1 + 1− 2x)− 3

2(2x−2
√

x2−x+1−1)

]
(f) f(x) = 1

x+
√

x2+x+1[
2 ln |x +

√
x2 + x + 1| − 3

2 ln(2
√

x2 + x + 1 + 1 + 2x)− 3
2(2x+2

√
x2+x+1+1)

]
(g) f(x) = 1

1+
√

1−2x−x2

[
ln 1−x+

√
1−2x−x2

1+
√

1−2x−x2 − 2 arctg 1+
√

1−2x−x2

x

]
(h) f(x) = x

(2x2+1)
√

3x2+5

[
1

2
√

14
ln
√

2(3x2+5)−
√

7√
2(3x2+5)+

√
7
; zaved’te substituci 3x2 + 5 = t2.

]
(i) f(x) = 1−

√
x2+x+1

x
√

x2+x+1

[
ln 2

√
x2+x+1−x−2

x2

]
(j) f(x) =

√
2x+x2

x2

[
ln |x + 1 +

√
x2 + 2x| − 2

x

√
x2 + 2x

]
(k) f(x) = x−1

x2
√

2x2−2x+1

[
1
2

{√
2x2−2x+1−1

x + x√
2x2−2x+1−1+x

}]
(l) f(x) = 1

(x+1)
√

x2+x+1

[
ln |

√
x2+x+1−x−2|√

x2+x+1−x

]
(m) f(x) = 1

(1−x)2
√

1−x2

[
(2−x)

√
1−x2

3(1−x)2

]
(n) f(x) =

√
x2 − 2x− 1

[
x−1

2

√
x2 − 2x− 1− ln |x− 1 +

√
x2 − 2x− 1|

]
Poznámka: Méně vhodný postup dává ln |

√
x2 − 2x− 1−x+1|+ 1

2(
√

x2−2x−1−x+1)2
−

− 1
8 (
√

x2 − 2x− 1− x)2 − 1
4 (
√

x2 − 2x− 1− x). Ukažte, že jsou oba výsledky správně.

(o) f(x) = x−
√

x2+3x+2
x+

√
x2+3x+2

[ 4
9 t+ 5

8
(2t+3)2 −

16
27 ln |t| − 17

108 ln |2t + 3|, kde t = x +
√

x2 + 3x + 2
]

29. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 1

x2(x+
√

1+x2)

[
ln x+

√
1+x2

|x| −
√

1+x2

x

]
(b) f(x) = x2

√
1−2x−x2

[
2 arcsin x+1√

2
+ 3−x

2

√
1− 2x− x2

]
(c) f(x) = 3x2−5x√

3−2x−x2

[
14 arcsin x+1

2 − 3x−19
2

√
3− 2x− x2

]
(d) f(x) = 1−x+x2

√
1+x−x2

[
11
8 arcsin 2x−1√

5
− 2x−1

4

√
1 + x− x2

]
(e) f(x) = x

(x−1)2
√

1+2x−x2

[
1√
2

ln |x−1|√
2+
√

1+2x−x2 −
√

1+2x−x2

2(x−1)

]
(f) f(x) = 1

(x2+1)
√

1−x2

[
1√
2

arctg
√

2 x√
1−x2

]
(g) f(x) =

√
x2+2

x2+1

[
ln(x +

√
x2 + 2) + arctg x√

x2+2

]
(h) f(x) = 1

(x2+x+1)5/2

[
8
9

2x+1√
x2+x+1

− 2
27

{
2x+1√
x2+x+1

}3
]

(i) f(x) = 1
(x2+1)7/2

[
x√

1+x2 − 2
3

{
x√

1+x2

}3

+ 1
5

{
x√

1+x2

}5
]
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(j) f(x) = 1
x4
√

x2−1

[
2x2+1
3x3

√
x2 − 1

]
(k) f(x) = 1

(x+1)5
√

x2+2x

[
3x2+6x+5
8(x+1)4

√
x2 + 2x− 3

8 arcsin 1
|x+1|

]
(l) f(x) = x

(x2−3x+2)
√

x2−4x+3

[
sgn (3− x)

{
1−x+

√
x2−4x+3

x−1 + 2 arcsin 1
x−2

}]
30. Vypočtěte

∫
f(x) dx, je-li

(a) f(x) = 1
(2x+1)2

√
4x2+4x+5

[
−
√

4x2+4x+5
8(2x+1)

]
(b) f(x) = x

√
x2 + 2x + 2

[
1
6 (2x2 + x + 1)

√
x2 + 2x + 2− 1

2 ln(x + 1 +
√

x2 + 2x + 2)
]

(c) f(x) = 1
(x2+4x+7)3/2

[
x+2

3
√

x2+4x+7

]
(d) f(x) = 1

(x2+1)
√

x2−1

[
1

2
√

2
ln

√
2 x+

√
x2−1√

2 x−
√

x2−1

]
(e) f(x) = 1

(1−x4)
√

1+x2

[
x

2
√

1+x2 + 1
4
√

2
ln
∣∣∣√1+x2+

√
2 x√

1+x2−
√

2 x

∣∣∣]
(f) f(x) = x+1

(x2+x+1)
√

x2+x+1

[
2
3

x−1√
x2+x+1

]
(g) f(x) =

√
3− 4x + 4x2

[
1
4 (2x− 1)

√
4x2 − 4x + 3 + 1

2 ln(2x− 1 +
√

4x2 − 4x + 3)
]

(h) f(x) =
√

3x2 − 3x + 1[
1
4 (2x− 1)

√
3x2 − 3x + 1 + 1

8
√

3
ln
{√

3(2x− 1) + 2
√

3x2 − 3x + 1
}]

(i) f(x) = 2x2−3x√
x2−2x+5

[
x
√

x2 − 2x + 5− 5 ln(x− 1 +
√

x2 − 2x + 5)
]

(j) f(x) = x2
√

x2 + 4
[
1
4 x(x2 + 2)

√
x2 + 4− 2 ln(x +

√
x2 + 4)

]
(k) f(x) = 1

(x2+1)
√

3x2+1

[
1

2
√

2
ln

√
3x2+1+

√
2 x√

3x2+1−
√

2 x

]

Poznámky: 1. Užit́ı Eulerových, goniometrických, po př́ıpadě hyperbolických substitućı
do integrálu tvaru

∫
R(x,

√
ax2 + bx + c) dx vede velmi často k nepř́ıjemně komplikovaným

výpočt̊um. Nav́ıc bývá obt́ıžné odhadnout, která z 15 možných substitućı je ta nejvhodněǰśı.
Tyto problémy do jisté mı́ry odstraňuje postup, který jako prvńı popsal norský matematik
Niels Henrik Abel (1802-1829), a nyńı se s ńım stručně seznámı́me. Tento postup sice dovoluje
jednotnou metodu řešeńı, ale výpočty nejsou o nic kratš́ı. Z toho d̊uvodu postupy, uvedené
v př́ıkladech 27−30 maj́ı své opodstatněńı a jsou také prakticky použ́ıvány.

2. Jestliže označ́ıme y =
√

ax2 + bx + c, potom lze funkci R(x, y) psát ve tvaru

R(x, y) =
P1(x) + P2(x) y

P3(x) + P4(x) y
, kde P1, P2, P3, P4 jsou polynomy.

Skutečně, každá mocnina yn je bud’to polynom v x nebo polynom v x, násobený y. Jestliže
předchoźı zlomek rozš́ı̌ŕıme výrazem P3(x)− P4(x) y, dostaneme R(x, y) ve tvaru

R(x, y) = R1(x) + R2(x) · y,

kde R1 a R2 jsou racionálńı funkce. Integrál
∫

R1(x) dx se vypočte standardńım zp̊usobem
a zbývá tedy problém výpočtu∫

R2(x) y dx =

∫
R∗(x) dx√

ax2 + bx + c
, kde R∗(x) = R2(x)(ax2 + bx + c)
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je opět racionálńı funkce. Rozlož́ıme-li R∗(x) na součet polynomu a parciálńıch zlomk̊u,
dostaneme tři typy integrál̊u:

I.

∫
P (x) dx√

ax2 + bx + c
, kde P (x) je polynom;

II.

∫
dx

(x− α)k
√

ax2 + bx + c
( k ∈ N, α ∈ R );

III.

∫
(Ax + B) dx

(x2 + px + q)m
√

ax2 + bx + c
(m ∈ N, p2 − 4q < 0 ).

Jaký je daľśı postup při výpočtu těchto integrál̊u, předvedeme v následuj́ıćım př́ıkladu.

31. Vypočtěte
∫

f(x) dx, je-li

a) f(x) = 3x3−8x+5√
x2−4x−7

b) f(x) = x10
√

1+x2

c) f(x) = 1
(x−1)3

√
x2+3x+1

d) f(x) = 1
(x3−x)

√
x2+x+4

e) f(x) = x2

(x2−2x+4)
√

2+2x−x2 f) f(x) = 1
(x2+2)

√
2x2−2x+5

g) f(x) =
√

x2+x+1
(x+1)2 h) f(x) = x4

√
α2 − x2, α > 0.

Poznámka: Př́ıklady a) a b) jsou typu I. z předchoźı poznámky a postup při jejich výpočtu
je následuj́ıćı. Předpokládejme, že daný integrál lze vyjádřit ve tvaru∫

P (x) dx√
ax2 + bx + c

= Q(x)
√

ax2 + bx + c + λ

∫
dx√

ax2 + bx + c
,

kde Q je polynom s neznámými koeficienty stupně o jednu menš́ı, než stupeň P a λ je
neznámý parametr. Jestliže tuto rovnost zderivujeme a vynásob́ıme

√
ax2 + bx + c, dosta-

neme rovnost dvou polynomů a srovnáńım koeficient̊u urč́ıme Q(x) a λ.

Řešeńı:

(a) Předpokládejme, že

I =

∫
3x2 − 8x + 5√

x2 − 4x− 7
dx = (Ax2 + Bx + C)

√
x2 − 4x− 7 + λ

∫
dx√

x2 − 4x− 7
.

Po zderivováńı a vynásobeńı
√

x2 − 4x− 7 dostaneme rovnost

3x3 − 8x + 5 = (2Ax + B)(x2 − 4x− 7) + (Ax2 + Bx + C)(x− 2) + λ.

Jestliže srovnáme koeficienty u odpov́ıdaj́ıćıch si mocnin x, dostaneme soustavu lineárńıch
rovnic

x3 : 3 = 3A
x2 : 0 = −10A +2B
x1 : −8 = −14A −6B + C
x0 : 5 = −7B −2C +λ

s řešeńım A = 1, B = 5, C = 36, λ = 112. Jestliže dále uprav́ıme odmocninu

√
x2 − 4x− 7 =

√
(x− 2)2 − 11 =

√
11

√(
x− 2√

11

)2

− 1,
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dostaneme

I = (x2 + 5x + 36)
√

x2 − 4x− 7 +
112√

11

∫
dx√(

x−2√
11

)2

− 1

=

= (x2 + 5x + 36)
√

x2 − 4x− 7 + 112 ln

∣∣∣∣∣∣ x− 2√
11

+

√(
x− 2√

11

)2

− 1

∣∣∣∣∣∣+ C =

(x2 + 5x + 36)
√

x2 − 4x− 7 + 112 ln |x− 2 +
√

x2 − 4x− 7|+ K,

kde K = C − 56 ln 11.

(b) Funkce x10
√

1+x2

(
resp. 1√

x2+1

)
je spojitá v R a sudá, neboli jej́ı primitivńı funkce F1

(resp. F2), pro kterou je F1(0) = 0 (resp F2(0) = 0), je definována v R a lichá. Proto
hledaný polynom Q(x) = F1(x)−F2(x)√

x2+1
je lichá funkce. Můžeme tedy psát∫

x10 dx√
1 + x2

= (Ax9 + Bx7 + Cx5 + Dx3 + Ex)
√

x2 + 1 + λ

∫
dx√

1 + x2
.

Po zderivováńı a vynásobeńı
√

1 + x2 dostaneme rovnost

x10 = (9Ax8+7Bx6+5Cx4+3Dx2+E)(x2+1)+
(
Ax9 + Bx7 + Cx5 + Dx3 + Ex

)
x+λ.

Srovnáńı koeficient̊u dává soustavu lineárńıch rovnic

x10 : 1 = 10A
x8 : 0 = 9A +8B
x6 : 0 = 7B +6C
x4 : 0 = 5C +4D
x2 : 0 = 3D +2E
x0 : 0 = E +λ.

Tato soustava má řešeńı

A =
1
10

, B = − 9
80

, C =
21
160

, D = − 21
128

, E =
63
256

, λ = − 63
256

.

Odtud plyne, že

I =
(

1
10

x9 − 9
80

x7 +
21
160

x5 − 21
128

x3 +
63
256

x

)√
x2 + 1− 63

256
ln(x +

√
x2 + 1) + C.

Poznámka: Př́ıklad c) je integrál typu II., tedy

∫
dx

(x−α)k
√

ax2+bx+c
. V př́ıkladu d)

muśıme nejdř́ıve rozložit funkci 1
x3−x na parciálńı zlomky. Tak vyjádř́ıme integrál

z př́ıkladu d) jako součet tř́ı integrál̊u typu II. Tyto integrály se pomoćı substituce
x− α = 1

t převáděj́ı na integrály typu I.

(c) Do integrálu I =

∫
dx

(x−1)3
√

x2+3x+1
zavedeme substituci

x− 1 =
1
t
; dx = −dt

t2
; x = 1 +

1
t

=
t + 1

t
; x2 + 3x + 1 =

5t2 + 5t + 1
t2

.

66



Tedy pro x > 1 je

I = −

∫
dt
t2

1
t3

√
5t2+5t+1

t

= −
∫

t2 dt√
5t2 + 5t + 1

.

Označ́ıme-li

K =
∫

t2 dt√
5t2 + 5t + 1

= (At + B)
√

5t2 + 5t + 1 + λ

∫
dt√

5t2 + 5t + 1
,

potom po zderivováńı a vynásobeńı
√

5t2 + 5t + 1 dostaneme rovnost

t2 = A(5t2 + 5t + 1) +
At + B

2
(10t + 5) + λ.

Porovnáńı koeficient̊u dává soustavu rovnic

t2 : 1 = 10A
t1 : 0 = 15

2 A +5B
t0 : 0 = A + 5

2B +λ

s řešeńım A = 1
10 , B = − 3

20 , λ = 11
40 . Odmocninu

√
5t2 + 5t + 1 si uprav́ıme na tvar

√
5t2 + 5t + 1 =

√
5

√
t2 + t +

1
5

=
√

5

√(
t +

1
2

)2

− 1
20

.

Tedy

K =
1
20

(2t− 3)
√

5t2 + 5t + 1 +
11

40
√

5

∫
dt√(

t + 1
2

)2 − 1
20

=

=
1
20

(2t− 3)
√

5t2 + 5t + 1 +
11

40
√

5
ln

∣∣∣∣∣∣t +
1
2

+

√(
t +

1
2

)2

− 1
20

∣∣∣∣∣∣+ K =

=
1
20

(2t− 3)
√

5t2 + 5t + 1 +
11

40
√

5
ln
∣∣∣√5(2t + 1) + 2

√
5t2 + 5t + 1

∣∣∣+ C,

kde C = K − 11
√

5
400 ln 20. Jestliže vyjdeme z rovnosti x− 1 = 1

t , dostaneme

t =
1

x− 1
, 2t− 3 =

5− 3x

x− 1
, 2t + 1 =

x + 1
x− 1

,

a pro t > 1 také
√

5t2 + 5t + 1 =
√

x2 + 3x + 1
x− 1

Shrnut́ı těchto výsledk̊u dává

I =
3x− 5

20(x− 1)2
√

x2 + 3x + 1− 11
40
√

5
ln

∣∣∣∣∣
√

5(x + 1) + 2
√

x2 + 3x + 1
x− 1

∣∣∣∣∣+ C

pro x > 1. Tento vzorec plat́ı i pro x ∈
(
−∞, −3−

√
5

2

)
∪
(
−3+

√
5

2 , 1
)

; definičńı obor
integrandu totiž je

D(f) = R−

{〈
−3−

√
5

2
;
−3 +

√
5

2

〉
∪ {1}

}
=

=

(
−∞;

−3−
√

5
2

)
∪

(
−3 +

√
5

2
; 1

)
∪ (1;+∞).
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(d) Označme I =

∫
dx

(x3−x)
√

x+x+4
. Funkci 1

x3−x nejdř́ıve rozlož́ıme na parciálńı zlomky.

Plat́ı
1

x3 − x
=

1
2

x− 1
+

1
2

x + 1
− 1

x

a daný integrál lze zapsat jako součet

I =
1
2

∫
dx

(x− 1)
√

x2 + x + 4
+

1
2

∫
dx

(x + 1)
√

x2 + x + 4
−
∫

dx

x
√

x2 + x + 4
=

=
1
2
I1 +

1
2
I2 − I3.

Pro výpočet integrálu I1 užijeme substituci

x− 1 =
1
t
, dx = −dt

t2
, x =

t + 1
t

, x2 + x + 4 = (x− 1)2 + 3(x− 1) + 6 =

=
1
t2

+
3
t

+ 6 =
6t2 + 3t + 1

t2
, x2 + x + 4 =

5
8


(

4
√

3 t +
√

3√
5

)2

+ 1

 ;

ta poskytuje

I1 = −
∫

dt√
6t2 + 3t + 1

= −2
√

2√
5

∫
dt√(

4
√

3 t+
√

3√
5

)2

+ 1

=

= − 1√
6

ln
√

3(4t + 1) +
√

8(6t2 + 3t + 1)√
5

.

Poněvadž je

t =
1

x− 1
, 4t + 1 =

3 + x

x− 1
,
√

6t2 + 3t + 1 =
√

x2 + x + 4
x− 1

,

dostaneme výsledně

I1 = − 1√
6

ln
√

3(x + 3) +
√

8(x2 + x + 4)√
5(x− 1)

.

Analogicky pro I2 užijeme substituci

x + 1 =
1
u

, dx = −du

u2
, x =

1− u

u
, x2 + x + 4 = (x + 1)2 − (x + 1) + 4 =

=
1
u2

− 1
u

+ 4 =
4u2 − u = 1

u2
, 4u2 − u + 1 =

15
16

{(
8u− 1√

15

)2

+ 1

}
,

která dává

I2 = −
∫

du√
4u2 − u + 1

= − 4√
15

∫
du√(

8u−1√
15

)2

+ 1

=

−1
2

ln
8u− 1 +

√
64u2 − 16u + 16√

15
= −1

2
ln

8u− 1 + 4
√

4u2 − u + 1√
15

.
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Poněvadž plat́ı

u =
1

x + 1
, 8u− 1 =

7− x

x + 1
,
√

4u2 − u + 1 =
√

x2 + x + 4
x + 1

,

dostaneme odtud

I2 = −1
2

ln
7− x + 4

√
x2 + x + 4√

15(x + 1)
.

Stejně tak pro I3 substituujeme

x =
1
v
, dx = −dv

v2
, x2 + x + 4 =

4v2 + v + 1
v2

, 4v2 + v + 1 =
15
16

{(
8v + 1√

15

)2

+ 1

}
,

a vypočteme

I3 = −
∫

dv√
4v2 + v + 1

= − 4√
15

∫
dv√(

8v+1√
15

)2

+ 1

= −1
2

ln
8v + 1 + 4

√
4v2 + v + 1√
15

.

Vzhledem k tomu, že 8v + 1 = x+8
x , máme

I3 = −1
2

ln
x + 8 + 4

√
x2 + x + 4√

15 x
.

Shrnut́ım těchto výsledk̊u dostaneme

I =
1
2

ln
x + 8 + 4

√
x2 + x + 4√

15 x
− 1

4
ln

7− x + 4
√

x2 + x + 4√
15(x + 1)

−

− 1
2
√

6
ln
√

3(x + 3) +
√

8(x2 + x + 4)√
5(x− 1)

+ C =
1
2

ln
x + 8 + 4

√
x2 + x + 4

x
−

−1
4

ln
7− x + 4

√
x2 + x + 4

x + 1
− 1

2
√

6
ln
√

3(x + 3) +
√

8(x2 + x + 4)
x− 1

+ K,

kde K = C + 1
4
√

6
ln 5− 1

8 ln 15. Výpočet plat́ı pro x > 1 ! Uvědomte si, že čitatele všech
zlomk̊u v logaritmech jsou kladné pro x ∈ R − {−1, 0, 1} = D(f). Aby tedy uvedený
výsledek platil v celém D(f), je třeba ve jmenovateĺıch těchto zlomk̊u doplnit absolutńı
hodnotu, t.j.

I =
1
2

ln
x + 8 + 4

√
x2 + x + 4

|x|
− 1

4
ln

7− x + 4
√

x2 + x + 4
|x + 1|

−

− 1
2
√

6
ln
√

3(x + 3) +
√

8(x2 + x + 4)
|x− 1|

+ K,x 6= −1, 0, 1.

Poznámky: 1. Nejpracněǰśı bývá výpočet integrálu typu III. a provád́ı se v několika
kroćıch.

(i) Nejdř́ıve se v integrálu I =

∫
(Ax+B) dx

(x2+px+q)m
√

ax2+bx+c
zbav́ıme lineárńıch člen̊u v obou

kvadratických trojčlenech.
(A) Tento úkol je jednoduchý, je-li p = b

a . Za t́ım účelem stač́ı zavést substituci x = t− p
2 .

(B) Jestliže nenastane předchoźı situace, zavád́ıme substituci x = αt+β
t+1 a neznámé

koeficienty α, β vypočteme tak, aby byl požadavek splněn.
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(ii) Krok (i) převád́ı daný integrál na tvar I =

∫
P (t) dt

(t2+λ)m
√

γt2+δ
, kde P (t) je polynom.

Jestliže racionálńı funkci P (t)
(t2+λ)m rozlož́ıme opět na součet polynomu a parciálńıch

zlomk̊u, dostáváme integrály typu∫
(A1t + B1) dt

(t2 + λ)n
√

γt2 + δ
.

(iii) Předchoźı integrál rozděĺıme na dva integrály. V integrálu A1

∫
t dt

(t2+λ)n
√

γt2+δ

zavedeme substituci γt2 + δ = u2, v integrálu B1

∫
dt

(t2+λ)n
√

γt2+δ
Abelovu substituci

v = γt√
γt2+δ

.

2. Postup z předchoźı poznámky můžeme někdy značně zkrátit. Typickým př́ıkladem
je integrál ∫

dx

(ax2 + bx + c)m+1/2
(m ∈ N ),

kde můžeme rovnou použ́ıt Abelovy substituce t = ax+b/2√
ax2+bx+c

.

(e) Integrál I =

∫
x2 dx

(x2−2x+4)
√

2+2x−x2 nejdř́ıve uprav́ıme na tvar

I =

∫
(x2 − 2x + 4) + (2x− 4)

(x2 − 2x + 4)
√

2 + 2x− x2
dx =

∫
dx√

2 + 2x− x2
+∫

(2x− 4) dx

(x2 − 2x + 4)
√

2 + 2x− x2
= I1 + I2.

Pro I1 plat́ı
√

2 + 2x− x2 =
√

3

√
1−

(
x−1√

3

)2

a tedy I1 = arcsin x−1√
3

.

Do integrálu I2 zavedeme substituci x = t + 1 (je p = b
a z poznámky 1). Tedy

dx = dt , 2x− 4 = 2(t− 1) , x2 − 2x + 4 = t2 + 3 , 2 + 2x− x2 = 3− t2.

Dále dostaneme

I2 = 2

∫
(t− 1) dt

(t2 + 3)
√

3− t2
= K1 − 2K2.

K1 =

∫
2t dt

(t2 + 3)
√

3− t2
=

∣∣∣∣∣ 3− t2 = u2

t dt = −u du

∣∣∣∣∣ = −2
∫

u du

(6− u2) u
=
∫

2 du

u2 − 6
.

Rozklad 2
u2−6 = A

u−
√

6
+ B

u+
√

6
dává A = −B = 1√

6
a tedy

K1 =
1√
6

ln

∣∣∣∣∣u−
√

6
u +

√
6

∣∣∣∣∣ . Poněvadž plat́ı u =
√

3− t2 =
√

2 + 2x− x2 <
√

3,

dostaneme

K1 =
1√
6

ln
√

6−
√

2 + 2x− x2

√
6 +

√
2 + 2x− x2

.

Do integrálu K2 zavedeme Abelovu substituci

v = − t√
3− t2

, v
√

3− t2 = −t ,
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dv
√

3− t2 + v
−t√
3− t2

dt = dv
√

3− t2 + v2 dt = −dt

a odtud
dt√

3− t2
= − dv

v2 + 1
, 3 + t2 = 3

2v2 + 1
v2 + 1

.

Poznámka: Jestliže se chceme vyhnout větě o diferencováńı součinu, můžeme též
postupovat následuj́ıćım zp̊usobem:

dv = −

(
1√

3− t2
+

t2√
(3− t2)3

)
dt = − 3 dt

(3− t2)
√

3− t2
.

Ze vztahu v = − t√
3−t2

plyne 3v2 − v2t2 = t2, tedy t2 = 3v2

v2+1 a dále t2

3 − 1 = − 1
v2+1 ,

dostáváme odtud
dt√

3− t2
=
(

t2

3
− 1
)

dv = − dv

v2 + 1
.

Po dosazeńı dostaneme

K2 = −1
3

∫
dv

v2+1

1 + v2

v2+1

= −1
3

∫
dv

2v2 + 1
= − 1

3
√

2
arctg

√
2 v =

=
1

3
√

2
arctg

√
2 t√

3− t2
=

1
3
√

2
arctg

√
2(x− 1)√

2 + 2x− x2
.

Shrnut́ı těchto výsledk̊u dává

I = arcsin
x− 1√

3
+

1√
6

ln
√

6−
√

2 + 2x− x2

√
6 +

√
2 + 2x− x2

−
√

2
3

arctg
√

2(x− 1)√
2 + 2x− x2

+ C.

(f) Vı́me, že D(f) = R, f ∈ C(R) a tedy D(F ) = R. Do integrálu

I =

∫
dx

(x2 + 2)
√

2x2 − 2x + 5

zavedeme nejdř́ıve substituci

x =
α t + β

t + 1
, dx =

(α− β) dt

(t + 1)2
, x2 + 2 =

t2(α2 + 2) + t(2αβ + 4) + β2 + 2
(t + 1)2

,

2x2 − 2x + 5 =
t2(2α2 − 2α + 5) + t(4αβ − 2α− 2β + 10) + 2β2 − 2β + 5

(t + 1)2
, t 6= −1.

Nyńı polož́ıme
2αβ + 4 = 0 4αβ − 2α− 2β + 10 = 0.

Z prvé rovnice dostaneme β = − 2
α a dosazeńım do druhé rovnice kvadratickou rov-

nici α2 − α − 2 = 0. Jej́ı kořeny jsou α1 = 2 , α2 = −1 s odpov́ıdaj́ıćımi hodnotami
β1 = −1 , β2 = 2. Zvolme dvojici α = 2 , β = −1 (volba α = −1 , β = 2 vede ke
stejnému výsledku, poněvadž dvojice substitućı x = 2−v

1+v , v = 1
t je totéž jako substituce

x = 2− 1
t

1+ 1
t

= 2t−1
t+1 ).Tedy

x =
2t− 1
t + 1

, dx =
3 dt

(t + 1)2
, x2 + 2 = 3

2t2 + 1
(t + 1)2

,
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2x2 − 2x + 5 = 9
t2 + 1

(t + 1)2
,

t > −1 pro x < 2 ,
t < −1 pro x > 2 ,

tj. sgn (t + 1) = sgn (2− x).

Dosazeńım do integrálu I dostáváme

I = 3

∫
dt

(t+1)2

3 2t2+1
(t+1)2 3

√
t2+1
|t+1|

=
1
3

∫
|t + 1|dt

(2t2 + 1)
√

t2 + 1
=

1
3

(I1 + I2) sgn (t + 1).

I1 =

∫
t dt

(2t2 + 1)
√

t2 + 1
=
∣∣∣∣ t2 + 1 = u2 ; t dt = u du

2t2 + 1 = 2u2 − 1

∣∣∣∣ = ∫ u du

(2u2 − 1)u
=
∫

du

2u2 − 1
.

Rozklad na parciálńı zlomky dává

1
2v2 − 1

=
A√

2 u + 1
+

B√
2 u− 1

s řešeńım A = − 1
2 , B = 1

2 . Odtud plyne, že

I1 =
1

2
√

2
ln

∣∣∣∣∣
√

2 u− 1√
2 u + 1

∣∣∣∣∣ .
Poněvadž

u =
√

t2 + 1 , t =
1 + x

2− x
, plat́ı u =

√
2x2 − 2x + 5
|2− x|

a odtud

I1 · sgn (t + 1) = sgn (2− x)
1

2
√

2
ln

∣∣∣∣∣
√

2(2x2 − 2x + 5)− |2− x|√
2(2x2 − 2x + 5) + |2− x|

∣∣∣∣∣ =
=

1
2
√

2
ln

∣∣∣∣∣
√

2(2x2 − 2x + 5)− 2 + x√
2(2x2 − 2x + 5) + 2− x

∣∣∣∣∣ = 1
2
√

2
ln

√
2(2x2 − 2x + 5)− 2 + x√
2(2x2 − 2x + 5) + 2− x

a tato funkce je spojitá v R.

Do integrálu

I2 =

∫
dt

(2t2 + 1)
√

t2 + 1

zavedeme Abelovu substituci

v =
t√

t2 + 1
; dv =

dt

(t2 + 1)
√

t2 + 1
; t2 =

v2

1− v2
a odtud

t2 + 1
2t2 + 1

=
1

1 + v2
.

Dosazeńım do

I2 =

∫
t2 + 1
2t2 + 1

· dt

(t2 + 1)
√

t2 + 1
=
∫

dv

1 + v2
= arctg v =

= arctg
t√

t2 + 1
= arctg

1+x
2−x√

2x2−2x+5
(2−x)2

= sgn (2− x) arctg
1 + x√

2x2 − 2x + 5
.

Shrnut́ım dostaneme

I =
1

6
√

2
ln

√
2(2x2 − 2x + 5)− 2 + x√
2(2x2 − 2x + 5) + 2− x

+
1
3

arctg
1 + x√

2x2 − 2x + 5
+ C , x ∈ R.
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(g) Plat́ı

I =

∫ √
x2 + x + 1
(x + 1)2

dx =

∫
(x2 + x + 1) dx

(x + 1)2
√

x2 + x + 1
.

Racionálńı funkci v integrandu rozlož́ıme na parciálńı zlomky:

x2 + x + 1
(x + 1)2

=
(x2 + 2x + 1)− (x + 1) + 1

(x + 1)2
= 1− 1

x + 1
+

1
(x + 1)2

.

Odtud dostaneme, že

I =

∫
dx√

x2 + x + 1
−
∫

dx

(x + 1)
√

x2 + x + 1
+

+

∫
dx

(x + 1)2
√

x2 + x + 1
= I1 − I2 + I3.

Poněvadž plat́ı
√

x2 + x + 1 =
√

3
2

√(
2x+1√

3

)2

+ 1, dostaneme

I1 =

∫
dx√

x2 + x + 1
=

2√
3

∫
dx√(

2x+1√
3

)2

+ 1

=

= ln
2x + 1 + 2

√
x2 + x + 1√
3

= ln
(
2x + 1 + 2

√
x2 + x + 1

)
− 1

2
ln 3.

Do integrálu I2 zavedeme substituci

x + 1 =
1
t

, dx = −dt

t2
, x =

1− t

t
, x2 + x + 1 =

t2 − t + 1
t2

a tedy

−I2 =

∫
dt
t2

1
t ·

1
t

√
t2 − t + 1

=

∫
dt√

t2 − t + 1
=

ln
2t− 1 + 2

√
t2 − t + 1√

3
= ln

1− x + 2
√

x2 + x + 1√
3(x + 1)

( je t = 1
x+1 , tedy 2t− 1 = 1−x

x+1

)
. Užijeme-li stejnou substituci x + 1 = 1

t , dostaneme

I3 = −
∫

t dt√
t2 − t + 1

= A
√

t2 − t + 1 + λ

∫
dt√

t2 − t + 1
.

Po zderivováńı a vynásobeńı
√

t2 − t + 1 dostaneme −2t = 2At − A + 2λ s řešeńım
A = −1 , λ = − 1

2 , tedy

I3 = −
√

x2 + x + 1
x + 1

− 1
2

ln
1− x + 2

√
x2 + x + 1√

3 (x + 1)
.

Shrnut́ım dostaneme

I = ln
2x + 1 + 2

√
x2 + x + 1√
3

+ ln
1− x + 2

√
x2 + x + 1√

3 (x + 1)
−
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−
√

x2 + x + 1
x + 1

− 1
2

ln
1− x + 2

√
x2 + x + 1√

3 (x + 1)
+ C =

= ln
(
2x + 1 + 2

√
x2 + x + 1

)
+

1
2

ln
1− x + 2

√
x2 + x + 1

x + 1
−
√

x2 + x + 1
x + 1

+ K,

kde K = C− 3
4 ln 3. Výpočet plat́ı pro x+1 > 0. Aby výsledek platil pro x 6= −1, stač́ı

doplnit absolutńı hodnotu kolem jmenovatele zlomku v logaritmu (srovnej výsledek
př́ıkladu 31 d)).

(h) Jestliže integrand uprav́ıme, dostaneme

I =
∫

x4
√

α2 − x2 dx =

∫
x4(α2 − x2)√

α2 − x2
dx

a můžeme tedy psát

I = (Ax5 + Bx3 + Cx)
√

α2 − x2 + λ

∫
dx√

α2 − x2

( viz př́ıklad 31 b)). Po zderivováńı a vynásobeńı výrazem
√

α2 − x2 dostaneme

α2x4 − x4 = (5Ax4 + 3Bx2 + C)(α2 − x2)− (Ax6 + Bx4 + Cx2) + λ.

Srovnáńım koeficient̊u u stejných mocnin x dostaneme soustavu lineárńıch rovcnic

x6 : −1 = −6A
x4 : α2 = 5α2A −4B
x2 : 0 = 3α2B −2C
x0 : 0 = −α2C +λ,

která má řešeńı

A =
1
6

, B = −α2

24
, C = −α4

16
, λ = −α6

16
.

Odtud plyne, že

I =
1
48

(8x5 − 2α2x3 − 3α4x)
√

α2 − x2 − α6

16
arcsin

x

α
+ C.

32. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = x3
√

x2+4x+5

[
1
3 (x2 − 5x + 20)

√
x2 + 4x + 5− 15

3 ln
(
x + 2 +

√
x2 + 4x + 5

)]
(b) f(x) = x3−x+1√

x2+2x+2

[
1
6 (2x2 − 5x + 1)

√
x2 + 2x + 2 + 5

2 ln
(
x + 1 +

√
x2 + 2x + 2

)]
(c) f(x) = x3−6x2+11x−6√

x2+4x+3

[
1
3 (x2 − 14x + 111)

√
x2 + 4x + 3− 66 ln

∣∣x + 2 +
√

x2 + 4x + 3
∣∣]

(d) f(x) = 12x3+16x2+9x+2√
4x2+4x+2 [

1
8 (8x2 + 6x + 1)

√
4x2 + 4x + 2 + 1

8 ln
(
2x + 1 +

√
4x2 + 4x + 2

)]
(e) f(x) = x3

√
1+2x−x2

[
4 arcsin x−1√

2
− 1

6 (2x2 + 5x + 19)
√

1 + 2x− x2
]

(f) f(x) = x3+2x2+x−1√
x2+2x−1

[
1
6 (2x2 + x + 7)

√
x2 + 2x− 1− 2 ln

∣∣x + 1 +
√

x2 + 2x− 1
∣∣]

(g) f(x) = x3
√

x2+x+1

[
1
24 (8x2 − 10x− 1)

√
x2 + x + 1 + 7

16 ln
(
2x + 1 + 2

√
x2 + x + 1

)]
(h) f(x) = x4

√
x2+4x+5[

1
24 (6x3 − 28x2 + 95x− 290)

√
x2 + 4x + 5 + 35

8 ln
(
x + 2 +

√
x2 + 4x + 5

)]
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(i) f(x) = x6
√

x2+1

[
1
48 (8x5 − 10x3 + 15x)

√
x2 + 1− 5

16 ln
(
x +

√
x2 + 1

)]
(j) f(x) = x8

√
x2−1

[
1

384 (48x7 + 56x5 + 70x3 + 105x)
√

x2 − 1 + 35
128 ln

∣∣x +
√

x2 − 1
∣∣]

33. Vypočtěte
∫

f(x) dx, je-li

(a) f(x) = 1
x3
√

x2+1

[
1
2

{
ln 1+

√
x2+1
|x| −

√
x2+1
x2

}]
(b) f(x) = 1

x3
√

1+2x+2x2

[
3x−1
2x2

√
2x2 + 2x + 1− 1

2 ln x+1+
√

2x2+2x+1
|x|

]
(c) f(x) = 1

(x−1)3
√

x2−2x−1

[√
x2−2x−1
4(x−1)2 − 1

4
√

2
arcsin

√
2

|x−1|

]
(d) f(x) = x

(x+1)
√

1−x−x2

[
arcsin 2x+1√

5
+ ln x+3+2

√
1−x−x2

|x+1|

]
(e) f(x) = x2+x+1

x
√

x2−x+1

[√
x2 − x + 1 + 3

2 ln
(
2x− 1 + 2

√
x2 − x + 1

)
− ln 2−x+2

√
x2−x+1

|x|

]
(f) f(x) = 3x+2

(x+1)
√

x2+3x+3

[
3 ln

(
2x + 3 + 2

√
x2 + 3x + 3

)
+ ln x+3+2

√
x2+3x+3

|x+1|

]
(g) f(x) = 1

(x2+x−2)
√

x2+2x+3

[
1

3
√

3
ln 1−x+

√
3(x2+2x+3)

|x+2| − 1
3
√

6
ln

√
2(x+2)+

√
3(x2+2x+3)

|x−1|

]
(h) f(x) = x3

(1+x)
√

1+2x−x2

[
2 arcsin x−1√

2
− 1

2 (x + 1)
√

1 + 2x− x2 − 1√
2

arcsin |x|
√

2
x+1

]
(i) f(x) = x

(x2−1)
√

x2−x+1

[
− 1

2

{
ln x+1+2

√
x2−x+1

|x−1| + 1√
3

ln
√

3(1−x)+2
√

x2−x+1
|x+1|

}]
34. Vypočtěte

∫
f(x) dx, je-li

(a) f(x) = 2x+3
(x2+2x+3)

√
x2+2x+4

[
ln

√
x2+2x+4−1√
x2+2x+4+1

+ 1√
2

arctg x+1√
2(x2+2x+4)

]
(b) f(x) = 1

(x2−x+1)
√

x2+x+1

[
1√
2

arctg
√

x2+x+1√
2(1−x)

+ 1
2
√

6
ln
√

3(x2+x+1)+
√

2(x+1)√
3(x2+x+1)−

√
2(x+1)

]
(c) f(x) = x+3

(x2+1)
√

x2+x+1

[
2
√

2 arctg
√

2(x2+x+1)

1−x + 1√
2

ln
√

2(x2+x+1)+x+1√
2(x2+x+1)−x−1

]
(d) f(x) = x

(3x2+2x+3)
√

2x2−x+2

[
1

4
√

14
ln 2

√
2
√

2x2−x+2−
√

7(1−x)

2
√

2
√

2x2−x+2+
√

7(1−x)
− 1

2
√

7
arctg

√
7(x+1)

2
√

2x2−x+2

]
(e) f(x) = x

√
x2 − 2x + 2

[
1
6 (2x2 − x + 1)

√
x2 − 2x + 2 + 1

2 ln
(
x− 1 +

√
x2 − 2x + 2

)]
(f) f(x) =

√
x2+2x+2

x [√
x2 + 2x + 2 + ln

(
x + 1 +

√
x2 + 2x + 2

)
−
√

2 ln 2+x+
√

2(x2+2x+2)

|x|

]

75



1.5 Binomické integrály.
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